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Abstract

Fagin, Halpern, Moses, and Vardi have proposed a framewbdpistemic agents with multiple
“frames of mind” (ocal-reasoning structurgsto solve problems concerning inconsistent knowledge
and logical omniscience. We investigate a class of relatedaiogics. These logics replace the usual
closure under full conjunction for th&_aperator with progressively weaker versions, and comgise
hierarchy with the traditional modal logk at the top, and an infinite number of logics ordered by in-
clusion under it, all strictly stronger thax, the weakest monotonic modal logic. Previous results have
usedN to represent local-reasoning structures. Our result stiostshere are stronger logics applica-
ble to such structures, suggesting that stronger formsfefénce can be used to represent imperfect
knowledge-based agents and protocols. Further, it is shbatthe satisfiability question for each of
these logics is PSPACE-complete, strictly harder thariNforThis also answers a conjecture of Vardi:
the border between NP- and PSPACE-hardness in modal-l@gitdsfiability problems is associated with
conjunctive closure, however weak.

1 Introduction

Fagin, Halpern, Moses, and Vardi [5] have proposed the idea oél'l@asoning,” both as a possible solu-
tion to the logical omniscience problem in epistemic logic, and as a model forlkdgerbased agents and
protocols dealing with inconsistent beliefs or information. We examine a cfassdal logics that provide
stronger systems of inference for local-reasoning structures tham phegously considered. Furthermore,
we prove that satisfiability for these logics is PSPACE-complete, establisieg éheoretical result estab-
lishing the boundary between the complexity classes NP and PSPACE for logidal depending upon the
presence ofonjunctive closur@rinciples.

In the typical Kripke semantics for epistemic logics, aganin states knows propositiorB (written
LB) if and only if B holds at every stats® accessible frons via binary relationR;i(x, y). Since “states”
in this semantics are maximal and consistent sets of propositions, the coritarisskmowledge can only
be inconsistent if relatioR; is empty, anda; holdsall possible beliefssince the knowledge-condition is
vacuously satisfied. Only then can, for example, both of the formhOj&#and hold fora; ats.

In local-reasoning semantics, on the other hand, each agkas “multiple frames of mind”: a function
Ci over states, wher€ij(s) = {T1, ..., Tn}, and eaclT; is a distinct set of states. In effect, each such set
functions as its own accessibility relation, one for each possible state of rninel agenf;. The semantics
for the knowledge operatdr; id adjusted to reflect this chang&;Blis true at poins if and only if B holds
at everys® [T}, for someT; [Ci(s). Although each poing® must still be internally consistent, botiBl
and may hold ats, since each oB, =B can hold in distinct frames of min@,, T, [ ;(s) for a;,
even though there is no poistat which(B [=B) holds.
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Local-reasoning semantics thus does away wathjunctive closureno longer doGBland GBPimply
(B [BO. The corresponding sound and complete axiomatization is given by the meiti-extensions
of the modal logic commonly known &¢ (described below). Satisfiability for these logics is NP-complete.
On the other hand, satisfiability for the stronger lofie—sound and complete for the class of all Kripke
frames, and with full conjunctive closure—is PSPACE-complete [12, drdM?21] conjectures that the
absence of strong conjunctive closure accounts for this differdnygmthesizing that any logic beloi
lacking that principle falls into NP rather than PSPACE.

We show that the conjecture in fact fails for an infinite hierarchy of logdés(p "), each weaker
thanK. We show a 1-to-1 correspondence between Kripke models fokK&ngnd local-reasoning struc-
tures for exactlyp distinct frames of mind. It follows thaKP is sound and complete with respect to such
structures. We also show thidt’-SAT is PSPACE-complete, despite the fact that for epery 1, KP lacks
strong conjunctive closure for. 1

KP logics are interesting for three reasons. First, they are strongeNthand are useful for reasoning
about agents with multiple frames of mind. Second, they are related to paisteon logics useful for
reasoning in the presence of inconsistent input. Third, the PSPACElemness ofKP-SAT answers
Vardi's conjecture: strong conjunctive closure is not necessarth®jump from NP to PSPACE; rather,
any degreef closure does the trick.

2 TheKP Hierarchy

The modal systenN is given by all tautologies of propositional logi L), and three elementary axiom
schemata, for a total of four basic rules:

[RPL]: [md A [CLA. (1)
[MP]: A& [A- B [CIH. )
[RM]: [A- B [C[IAlL [Bl 3)
[RN]: [A [CLCIA] (4)

Vardi [21] proves that the satisfiability problels-SAT is in NP. The logidk comprises the same rules as
N, with an additionatonjunctive closur@xiom:

[K]: CIALCIB]- A CH). (5)

In epistemic logic, this axiom specifies that agents know the conjunction daharyings already known. It

is well-established thd is sound and complete for the class of all Kripke frames [3, for examp&jnéer

[12] showed that satisfiability faK is PSPACE-complete; Halpern and Moses [7] extend this result to the
multi-agent logicK,,, with multiple distinct knowledge-operatois;, 1. ., [;.3 After considering various
combinations of the rules and axioms (1)—(5), among others, Vardi @ijectures that the dividing line
between those logids for which L-SAT [CPISPACE and those for whidkrSAT [CNP is the closure axiom
[K]. For any logicL [CSb without [K], he hypothesized,-SAT [CNP. We establish that in fact weaker
principles thariK] suffice to place a logic in PSPACE.

2.1 Extending Kripke Semantics

In the standard Kripke semantics for modal logic, a model consists of d geirisU, relationR between
point-pairs(u, v), and propositional valuatiod overU. Schotch and Jennings [16, 9] extend this idea,

In our results here, we consider only single-agent epistemic logics, witun-indexed knowledge-operatbt_This is for
convenience alone; the multi-agent extensioK 6fis straightforward, and all results given extend directly to any such logic.
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Figure 1: A simple model with 8-ary accessibility relation. Some formulae true at each point are identified.

allowing R to hold between points argtuplesof points.

Definition 1. Let U be a non-empty set, arld [CUP*'. ThenF = (U,R) is a(p + 1) -ary frame If
Fisa(p +1)-ary frame and/ is a valuation function from propositional variables to subsetd othen
M = (F,V) is a(p + 1) -ary relationalmodel Truth at points in a mode{M, x) is defined as usual for
Boolean operators, and fdrfarmulae:

(M) CHATff: ([, ..., Yp)) ROGYL -0, yp) TOEI(M, yi) CA. (6)

That is, CAholds at poinix just in caseA holds at some member of evgituple related tx. Figure 1
shows a simple example of a model wittBary accessibility relation; at point, for instance, [T dnd
[=tlare both true, since each bhnd-t is true at some point in each related pair; their conjunction is not
satisfied, however, since there is no related point at wftidh=t) holds. The formulal (r1CS) is satisfied,
on the other hand, since bathands hold at at least one point in each related pair. Lastly, note-iHatsl
holds atx, since-s fails at both members of pafy1, y»).

As p grows, the class dfp + 1) -ary relational frames corresponds to a modal logic with a progressively
weaker conjunctive closure condition. To be precise, the IBdids formed by combining the axioms bf
[(1)—(4)] with:

C 1
[KP]: CCA) LAY [ CTAG ) - 1 A CA).
i2(p+1] (7)
(i6])
Note that axion[K 1] is simply[K] (eq. (5)), and logidK' = K. Forp > 1, weaker conjunctive closure
holds, e.g.:

[K?]: COAY CTAY C1AJ) - (A [Ab) [(A; [Ak) [(A; [A)).

[K3]: COAY CTIAD C1TAd [TAY) - (A [Ab) [(A; [Ab) [(A [AL)
[(A; [A) [(A; CAL) [(As CAL)).



It has been shown that for any valpe[4*, KP is sound and complete fgp + 1) -ary frames [2, 13].
Further, it is easily seen that these logics form a hierarchy of inclusioln tat for anyp, KP*! < KP
(i.e., the theorems dKP*1 form a proper subset of the theoremskof). Finally, it has been proven that
systemN is the intersection of the denumerable sequend€fofystems [9]. In a sense, then, this hierarchy
comprises all of the “degrees of conjunctive closure” betwigeproper and\ ; while K has full closure
under conjunction for thd_aperator (given by eq. (5)), arld has no such closure at all, th&® hierarchy
constitutes all the various degrees to whitimeclosure is allowed.

2.2 KP Logics and “Frames of Mind”

We begin by applying the logics in tH€P-hierarchy to the “local reasoning” proposal of Fagin, Halpern,
Moses, and Vardi [5, 20, 21]. We strengthen a related soundndssoanpleteness result, by showing that
each logic in thékP hierarchy is sound and complete for a specific class of local-reasanimjses.

Local-reasoning structures have been put forward as a possibt®edtuthe logical omniscience prob-
lem in epistemic logic, and as a model for knowledge-based agents andgisadealing with inconsistent
beliefs or information. In the typical Kripke-style semantics for epistemic logies knowledge operator
is simply the traditional necessity operatdr,_Agenta; in states knows propositiorB (written GB) if
and only ifB holds at every stats® accessible frons via the binary relatiorR;(x, y). Intuitively, we can
understandr; as holding of a pair of statgs, s9 if and only if agenta; considers statg® possible when
in states. Since “states” in this semantics are maximal and consistent sets of propasitiercontents of
aj’s knowledge in any state can only be inconsistent if relatidR; is empty ats, anda; holdsall possi-
ble beliefs since the knowledge-condition is vacuously satisfied. Only then caextonple, both of the
formulae Bland hold fora; ats.

In local-reasoning semantics, on the other hand, each agkas “multiple frames of mind”: a function
Ci over states, wher€i(s) = {T1, ..., Tn}, and eaclT; [Sls adistinct set of states. In effect, each such
set functions as its own accessibility relation, a separate set of statéderedspossible relative & one
for each ofaj's possible states of mind. The semantics for the knowledge opefaidradjusted to reflect
this change:[GBlis true at point if and only if B holds at every stats’ contained irsomeframe of mind
T; CCi(s). Thus, although each such stafenust still be internally consistent, botgBland may
hold ats, since each oB, =B can hold in distinct frames of minth, T, [Ck(s) for a;, even though there
is no points®at which the explicitly contradictory conjunctigl® [=B) holds.

In other words, the local-reasoning semantics—like that for the logics itkth@ierarchy belowkK
proper—eliminatesonjunctive closureno longer does;Bland GBPimply G(B B9, for any propo-
sitions, B, B It is known that logicN, weaker than any of the logid<P, is sound and complete for
the class of all local-reasoning structures in which agents may have nédly many frames of mind [5,
§9.6]. Other authors have considered connections betweeK theodal logics angbaraconsistent logics
applicable to the problem of reasoning and knowledge in the presencdefalty-consistent but mutually
conflicting data-streams [8, 10, 15]. Here, we extend the ud€fofogics in epistemic contexts, show-
ing how each corresponds to the local-reasoning logic of agents with pifréanes of mind. Here, and
throughout the paper, we consider the case of a single agent, forkkinefseonvenience alone; multi-agent
extensions add no real complications.

Definition 2. A local-reasoning structure fop frames of minds a tripleL? = ( S, V, CP), where:
1. S is a set of states.

2.V :Prop - 25 is a propositional valuation, returning the set of states at which eaclogitiomal
variable is satisfied.



3. CP:S - (25)Pis afunction from states to-tuples(Ty, ..., Tp) of “frames of mind,” each of which
is a set of state§; [S]

Note that we do not require that the various frames of miRd,_CP(s), be distinct. That is, an agent may
not havep different frames of mind, but rather any numbefl < n < p) such frames (by duplication
where necessary), and in fact the valueafan vary from point to point. Further, if we were to extend this
to the multi-agent context, it would be possible to have distinct agents with distimebers of frames of
mind at one point. These structures thus give us a flexible way of repiegénteractions between agents
whose knowledge may be more or less imperfect in various states of thewmement. Such imperfections
could arise, for instance, from innate flaws in the agent, or from suar cduses as mutually-conflicting
input streams or noisy sensors.

We now prove thaKP is sound and complete for the class of all local-reasoning structurpgi@ames
of mind. The proof rests on first proving two preliminary propositions. \& that a formula id_P-
satisfiableif and only if it is satisfied at some point in a local-reasoning structurg filames of mind; a
formula isKP-satisfiablef and only if it is satisfied at some point inpaary relational model.

Proposition 1. For any formulaA, if A is LP-satisfiable, ther is KP-satisfiable.

Proof: Suppose some formukais LP-satisfiable. By definition, there exists some local-reasoning structure
for p frames of mind,LP = (S, V, CP), and some points [S, such that(LP,s) [CA. Given such a
structurel.?, we construct a correspondifg + 1) -ary relational modeMP.

LetMP = (S, V, RP*1), with S andV just as inLP, and relatiorRP*! defined as follows:

—
(SICS)( @, ..., tp) CSP)RPY (s, ty,...,tp) = & CT] CCP(s). (8)

i=1

It is then easy to show that any formulais satisfied at any poirg [CSI CMIP if A is satisfied at that same
point in LP, by induction on the possible structure of the formula. The @ase p, for any propositional
variablep, follows directly from the fact that [CMIP = V [LP. The inductive cases for truth-functional
connectives are as expected, since the relevant semantic clausessaménin both frameworks.

For the caséA = [B]for any formulaB, since(LP,s) [IIB by definition ofLP-satisfaction there
exists some frame of mind@; [QP(s) such that( G1[T;) (LP,t) [CB. Let Tj be such a frame of
mind. If T; = [then the definition in biconditional (8) yields an empty relatRM?® atsin MP, and
(MP,s) [CIIBWacuously. IfT; & [ then consider an arbitragytuple of pointst = (tg,...,t,) CSP
such thatRP*2 (s, T). Again by the definition in biconditional (8}; [Tlis such that; [T}, and so by
assumptior(LP, tj) [B. Thus, by the hypothesis of inductiofiMP, t;) [B, and sincd was an arbitrary
relatedp-tuple, we conclude thgdtMP,s) 1B O

Proving the converse of Proposition 1 is somewhat more complicated. To & iproof, we first
establish a useful lemma, and then prove a slightly stronger version of tiverse, having to do with
satisfiablesets , rather than individual formula.

Definition 3. For any set of formulae , the square-set of , [] g defined as the set of all formulae
taking the Caperator in . Thatis:[] —= {A| CAI_T}.

Lemma 1. For any set of formulae , any KP-modelMP = (U, V, RP*1), and any poinu [0, if
(MP,u) [ then eithef] s divisible intop subsets, each of which is itsdffP-satisfiable; oRP*! is
empty atu.



Proof: SupposgMP,u) [1, for some set of formulae , KP-modelMP = (U, V, RP*1), and point
u [Q; further, suppos®P*! is not empty au. That is, there exists sonfey, . .. ,Vp) [P such that
Rp+1 (U, vi,...,Vp). Now, either[] —= L br not. On the one hand, [iff —= L[1hen sinceli$ trivially
KP-satisfiable] ] isdivisible intop subsets( %%Ieach of which iKP-satisfiable.

p
On the other hand, {f] &, [ dhen by the semantics fé€P,

(IA 1 pdal [, ..., vp)) (MP,vi) CA. 9)
Thus, there exists sets, ..., p such that:
1. (Ol=sis=sp) i LO =
2.(1 T33P =[] =
3. (O0d1<i<sp)(MP,v;) .
That is, each such; is KP-satisfiable, and sp] is divisible intop subsets that afd&P-satisfiable. [
We can now establish the following stronger version of the converse fwBiton 1.
Proposition 2. For any set of formulae, if is KP-satisfiable, then is LP-satisfiable.
The argument is based on the maximum depth of modal nestingdefined as follows:
Definition 4 (Modal depth) For any formulaA, thedepth of A, dpt(A) is defined inductively:
1. For any propositional variabfg dpt(p) = 0.
2. For negationgpt(—=A) = dpt(A).
3. For conjunctionsipt(A [BI) = max( dpt(A), dpt(B))
4. For modal formulaadpt{ CA)= (1 + dpt(A)).
5. For sets of formulaalpt() = max a2 dpt(A).

Proof of Proposition 2: For any set of formulae , our proof is by induction om = dpt() .
Basis(n = 0): In this case, is simply a set of purely propositional formulae. Since ik#&semantics and
LP-semantics agree over all propositional formulae, i KP-satisfiable, it must beP-satisfiable.

For the inductive step, we assume that the hypothesis holds for all valsel, for somek [CN. We now
show that it holds fodpt() = k. In this case, since is KP-satisfiable, we have that there exists some
KP-modelMP = (U, V, RP*1) and some pointi such tha{MP,u) [1. Thus, by Lemma 1, either
RP*1 is empty at, or else[] s divisible intop subsets, each of which KP-satisfiable. We take the two
cases in turn.

I1 (RP*! is empty atu): In this case, define a local-reasoning structute= ( {u}, V% CP), where:

(a) For any propositional variabfe Vqp) = {u} < u [CVI(p), forV [CMP.

®) W) = ( [ty B
p



It is then easy to show that for any formuawhatsoever,
(MP,u) [A « (LP,u) CA. (10)

The proof is by a second induction on the structurdof he base case for propositional variapl®llows

directly from (a). The argument for propositional connectives is similstrigightforward, and for formulae

of the formA = [B,lwe simply note that each such is vacuously satisfiadiatboth MP andLP, due to

the emptiness of relatioRP*! and functionCP, respectively. The conditional claim for the set of formulae
then followsa fortiori.

12 ([1 isidivisible intop KP-satisfiable subsets): In this case, there exists sgts ., , such that:
1L (Ml=si<sp) ; L
2. (1B ) =[] =
3. (1 =<i=<sp) ;jisKP-satisfiable.

Now, for each j, since eachA [J; is such thatCAIL 1, dpt( ;) < dpt() = k. Therefore, by the
hypothesis of the induction, each suchis LP-satisfiable; that is:

(I} = ( Sy, V1, C))( EHTSL) (LY, sp'Ch
COS = ( Sz, Vo, CH)( SHESE) (LS, spy' b

(11)
QLY = (Sp, Vp, CON( S TSP) (LY, sp)' T

Without loss of generality, we can assume that forany j (i € j), ( i n j) = L[({.e., each set of points
is distinct), and furthermore that for all, the pointu Ul M is such thati ¥ —}. We can then define a
local-reasoning structute? = (S, , V4, CP) as follows:

(8) Sv =(S1 S} [ CSp CRLY).

(b) For any propositional variabje

-
Vi = VAP D(p) Lo DVA(p) LAWY if u CVI(p), for V. CNAP;
Vi(p) V3 (p) 1 [ (p) else.
(c) For any poins [S},
= i ifs CS|(L<i<p)

{sF {sF ... {spP) ifs=u.

It then follows that for any formul& [, if (MP,u) A then(L,u) CA. We first show that for
any value ofi (1 =< i < p), and for any formuld whatsoever,

(SICS)) (L],s) [B - (LY,s) [B. (12)

This proof is by a secondary induction on the structur@pfind follows immediately in every case from
clauses (b) and (c) above. This proof is then followed by a third inductiothe structure oA 1. The
basis case, for propositional varialplefollows immediately from the definition df. in (b); the inductive



case for propositional connectives is also as expected. For modallfoA = [T lwe note thaC [[]
and so there exists somge ]l —syich thalC [}. Therefore, we have that:

(LY, sp'Ca @b, sy’ Ca - @b, sy’ Ca. (13)

So supposéL?, sj'—_)' Q. Then, by the previous step in this caée? sﬁ A, and so by the construction
in (c),

(M CCR (u)( sICT) (LY, s) £q, (14)
which means thatl.” ,u) [CIICE A, as required. O

With these facts in hand, the following new theorems hold:
Theorem 1 (Equivalence of Validity) Any formulaA is KP-valid if and only if A is LP-valid.

Proof: We prove the contrapositive of each direction of the biconditional. For tir¢olight direction,
assume thaf is notLP-valid. Thatis,([? = (S,, V, CP))( [SIS) (LP,s) TA. Thus, by the definition
of the semantics for local-reasoning structu@d, s) [3A, and so-A is LP-satisfiable. Therefore, by
Proposition 1A is KP-satisfiable; that is to sag/MP = (U, V° RP*1))( 0 ) (MP,u) C3A. So,
by the semantics fd<P, (MP, u) [TA, and thereforé\ is not KP-valid.

For the right-to-left direction, we assume tifais not KP-valid. The argument thah is therefore not
LP-valid uses Proposition 2, and is essentially identical in form to the one jushgso long as we note
the obvious fact that a formulA is LP-satisfiable KP-satisfiable) if and only if the singleton sgA} is
LP-satisfiable KP-satisfiable). O

Theorem 2 (Characterization)( [p1[CN) KP is sound and complete with respect to the class of all local-
reasoning structures fprframes of mind.

Proof: The claim follows directly from the soundness and completeness of I€dchith respect to its
associated class of models. For soundness with respect to localirepstrnctures fop frames of mind,

we note that if formulaA is a KP-theorem, then by the existing soundness regulis KP-valid. From
Theorem 1, it follows thaf is LP-valid. For completeness with respect to local-reasoning structures for
p frames of mind, we note that A is LP-valid, then by Theorem 1A is KP-valid. Thus, by the existing
completeness resul is aKP-theorem. O

The logicN is known to be sound and complete for local-reasoning structures withaailitmany
frames of mind [589.6]. Theorem 2 entails that this claim is in fact equivalent to the known resatitNh
is the intersection of all the logics in th€P hierarchy [9]. This shows an interesting connection between
the KP hierarchy and work on logical omniscience and inconsistent belief. eTloggcs model productive
reasoning for agents with beliefs of some fixed level of possible inconsis{eesulting, e.g. , from a fixed
set of internally consistent, but conflicting input-streams). Stronger fhatihey can represent epistemic
agents with more powerful reasoning strategies than previously coedider

3 Complexity Results

Ladner [12] shows that the satisfiability question for any uni-modal I&gguch thatKk <= S < S4 s
PSPACE-complete. Halpern and Moses [7] extend this result to systengssitiple knowledge-operators
for multiple agents. We follow their lead, extending the result to the ektitéhierarchy and showing that
([pJCZ" ) KP-SAT is PSPACE-complete.



3.1 Lower Bounds

To prove PSPACE-hardness, we also reduce from the problem oitydtid Quantified Boolean Formulae
(QBF-VALID), which is PSPACE-complete [17]. For any QB&,= Q1p1Q2p> . .. QmpPmA° (Where each
Qi L I¥FlandACis quantifier-free, containing only propositional lettgks ..., pm), and any logic
KP (p > 1), we derive a modal formulBk, that isKP-satisfiable if and only iA is QBF-valid. Intuitively,
for QBF A with m quantifiersBkpe is such that modal structures satisfying it mimic a tree of heighwith
leaves comprising the set of propositional truth-assignments that dememsgaalidity. We proceed by
defining several important subformulae.

First, adepthformula, giving the propositiong; satisfied at each depth in the tree:

M
(di - di 1). (15)
i=1

[dpd

Next, abranchingformula, which forces the appropriate branch-structure onto the modeiphysput,
whenever quantifieR;+1 in A is [,_hodes at depthin the tree will have two successors at the next depth
(i+1), one of which makepij+1 true, and the other of which makes it falseQf.1 = [ hodes at depth
will have a single successor, whegre; gets the value appropriate to satisfy the overall QBF. For readability,
we use the dual modal operai®r= - [=,readingeB as “there exists some successor at whicholds”.

Ll J 17
[brg] = (di [=bij+1) - (disa [=bis2 Cpilg) Co(divr [SHiv2 [=5hien)
fijQi+1=8g
1 (16)
]
(di [=biv) — ¢(diva [=lliv2) .
fijQi+1=9¢g

So far, this is just as in the existing proofs. For any ldgie (p > 1), however, we must contend with
complications arising from the lack of conjunctive closure farRecall that ink?2, for example, the fact
that two formulae[B-hnd [BYare both true at some poirtdoes not mean that the conjunctid® [BF) is
true at anysinglerelated point in the model; since models fé€? employ a3-ary relation between points
x and pairs of pointgy1, y»), all that is necessary is that each®f B®be true abney; in each such pair,
not that there be somg wherebothare true. For the rest of the proof to carry through, however, we will
need to find some way to ensure that this is indeed the case.

To solve this problem, we definepath-forcingformula, [pathy], inductively for valuep > 1:

[path)] = [=1

[pathy] = [=F 1) CIOEF =)

[path] = [&=F [H) COEF =6 [H) CIHEE =6 5h) a7
[path] = [O=F A) CO=F =6, 0H) o

T(=F, [=F, [ [=F, , [F) 1) (=6 [=F, 0 [=F, 5 [=F, 1)

Itis easy to see thgpath,] allows us to ensure that a pair of formulae are both satisfied at some dicelpar
point in any relateg-tuple, as desired. For aiy andB®, and any logidkP (p > 1), if the formula

(B CF) CI(BP [F]) C[path)] (18)



is satisfied at a point in some model foKKP, then any relateg-tuple (ys, ..., yp) must contain at least
oney; satisfying(B B, since the remaining pointg in any such tuple must all satisfyf;.

To complete our reduction, we definelaterminingformula, [dtd"}; which ensures that for any poirt
at some deptlhin our tree, whatever valyg gets atx is “passed down” to all points on branches bebow

1 O™ . 1
[dtd}' = di - pi -~ Wi - pi) CH) [CHpi - (di - -pi) CH) . (19)

i=1

We also introduce a notational convention: for any forntlgdormula Ef'ilEB is defined inductively o

B = B
B = [B[H)
;B = [(I(BICH) CH) (20)

LB = O3B (1))
Finally, for any logickP (p > 1), and for any QBFA = Q1p1Q2p. .. QmpPmA?L defineBks:
™ 1 1
do [=thy 1 Cd[dpf C[Brg) C[dtd Y [(dm - A) [[gath] . (21)
i=0

As an example, consider QBk = [p1[pa(AY, and logicK 2, with a 3-ary accessibility relation. Here, the
corresponding formul8z is:

do [=H; EEI;)Et]I Marg CatdY'r(d, - AY TR -
[ (up{ CArg ClatdPr(d, -~ AY CIER) [ (22)
1] 1 [
[T (Wpf [[Arg Cfatd' Y (d, -~ AY [CIE#/) O [

and we have the following component formulae:

[dpf = (d1 - do) [Ld2 — d1) [{d3 - dp) (23)
C1 1
[brd = (do [=ty) — [#(ds [ [pd) Leldy [=Hp [=by)] (24)

C(d; [=hp) - «(d2 [=hs)

. C1 N
[dtdT'= G~ [(p1 ~ Hdy ~ p1) BHD)) LGP — Dy — =py) BHD)) (25)
Cdb -~ (p2 -~ L{(d2 - p2) [H) [(Fp2 - L({(d2 ~ —p2) [ 1))
In general, the number of conjunctsBkpe, and in all its subformulae, is directly proportionalrg the

number of quantifiers in the QB&. The size ofpath,] is proportional tg. Thus, for a giverKP the overall
size ofBkp will be polynomial in|A| = n, for sufficiently largen.



3.1.1 Proof of Equivalence under Reduction
We are now in position to prove the following proposition:
Proposition 3. ([p> 1)([A) A is QBF-VALID if and only if Bkp [KIP-SAT.

Proof: We give only one direction of the proof. For the proof of the right-ta-tkfection, we rely upon a
natural induction on the number of quantifiensin A to show the required result. The full details can be
found in [1]. We prove the left-to-right direction in full. For arbitrary valp > 1 and arbitrary formula
A, assumeA [CQBF-VALID. We then use the technique of Ladner [12] to construl&lpamodel,M"’A =

(Ua, Va, Rfl), such tha{ M [Uk) (MY, u) [CBk». The construction and proof proceed as follows:
l. Let Ua be a finite subset of the numerical strirgs 1, ..., (2p — 1)}5defined inductively by:

1. The empty string\ [Ul.

2. Foranyu, if u [ & |u] = i < m, then:

(a) The2p distinct stringsu0, ul, ..., u(2p — 1) are all inUp, if Qj+1 = L1
(b) Thep distinct stringsp0, ul, ..., u(p— 1) are all inUp, if Qi+ = [

3. No other strings are ida.

II. Define the accessibility relatid?ilpA+1 (hereafter, simplyRa) such that

(MO CUW)( [, . ., Vp) EXWA)P) RA(X, V1, - ., Vp)
if and only if both of the following hold:
1. (v1 = u0) or (vy = up).
2. (0wl 1=si<p)(vi=un) = (vira = u(n+1)).

That is, our model will consist of a tree, with nodes consisting of stringg/ofbols. Each string at depth
i of the tree will have length equal i and will have twap-tuples of children if quantifieQ;+; = [and
onep-tuple of children ifQ;+; = LFor any stringu, and any tuplgvy, v, ..., vp) of its children,u will

be a prefix of each child-string, and each tuple will consist @f consecutive strings occurring in order,
beginning either withuO or up.

lll. To simplify notation, we employ the following convention from now on, extendialgiation function
Va : Prop — 2Y to the functionVa : (Prop x U) — {TRUE, FALSE defined as follows:

%UE if u CVh(u)
if u u);
VAP W= CAlSE  else. (26)
We now want to define valuation functidfy so that the following holds for arny [Ula:
(C1) If Jul = i, thenVa(dj, u) = TRUE.
(C2) If Jul = |uY = i, and somer is such that botlRA(V, Uz, Uz, ..., Up) & Ra(v,uf, uf, ..., ud) and

alsou (W, Uy, ..., Up) & u® CqWd, uf, ..., uf), then the following all hold:

(@) ([, uk) Va(pi+1,Uj) = Va(pi+1, Uk)-



(b) ([0, up) Va(pist,ud) = Va(pisa, Up).
(©) (I, ud) Va(pis1, Uj) 8 Va(pisa, up).
(C3) Ifju| = i > j, thenVa(pj,u) = Va(pj, u9, whereuCis a prefix ofu (i.e.u = u%), andjuq = (i—1).

(C4) Ifu = u%, with 0 < x < (2p — 1), then for anyfj, Va(fj,u) = TRUE if and only if suffix
X=(J—1orx=p+(j—1).

(C5) If |u] = i, then it must be true that
Qi1 Pi+1 - - - QmPmAIVA(PL, U), ..., Va(pi,u)] CQBF-VALID,

whereAQVa(p1, u), ..., Va(pi, u)] is simply the formulaA® with every occurrence of any variable
p; replaced by the corresponding vaNig(p;, u) [{TRUE, FALSE.

IV. We show that we can create the approprigieas follows, inductively ori = |u|. For any valug, set
Va(dj,u) = TRUEfj < i = |u|, and FALSE otherwise. Further, for any vakieset:

= fk |ul
_ FALSE ifk >1i=|ul.
Va(pk, u) = Valp, Uy if(k<i=|u)&(u=uXx)&(Juy=i—1). &N

(Note that we have not yet Séh(p, u) for the casé = i.) Lastly, for anyfj, setVa(fj,u) = TRUE (i.e.,
u CVh(fj)) ifand only ifu = u%, for some stringi®and somex, and eithex = (j—1) orx = p+(j—1).

Now, if i = |u] = 0, then it is easily seen that desired properties (C1)—(C4) describeg &bbl all
hold by the definition o¥/ 4 just given. Furthermore, for (C5), the formula

Qi+1 Pist - - - QmpmAIVA(p1, U), ..., Va(pi, u)]

is simply the original QBFA = Q1p; ... QmpmAL and so is in QBF-VALID by hypothesis.

For the inductive step of our proof, we assume that conditions (C1)-Ha#8 for anyj < i = |u|, and
show how to seYa(pk, u) for the remaining caske = i. If Q; = [ 3et:
1
TRUE ifthelastdigitinuisx, 0= x < (p—1).
Va(pi,U) = 0 (P=D (28)
FALSE else.

That is,p; holds atexactly oneof the related tuples of points. 1Q; = [ ihen by the inductive hypothesis,
there must be son¢ [{TRUE, FALSE such that:

Q1p1Q2P2 - . - QmPmAIVA(p1, U), ..., VA(pi 1,u),V] CQBF-VALID, (29)

and so we se¥a(pi,u) = V. It thus follows that conditions (C1)—(C5) hold fu| = i > j, and thus for
anyi.

Finally, it is straightforward, given the definitions above, tiMP,A\) [Bykp, and so thaBkr [
KP-SAT. Therefore, since valyeand QBFA were arbitrary, we have proven one direction of Proposition 3,
namely( [p> 1)([A)(A CQBF-VALID [Bd, CKP-SAT). O
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Figure 2: Model for QBFpd [pd(p1 = p»),

that are trueT) or false

€) are identified.

3.1.2 A Sample ModeMY}

constructed for logid<?. At each point, the set of sentences

Figure 2 shows an example of the modmg generated according to the definition given in the preceding
proof. The QBF in this case i& = [pd[pd(p1 = p»), and the logic i9<?, in which we have a ternary

accessibility relatiorR3. It is easy to check thgM, \) [By, whereBy: is:

do =ty E[ﬂ% [Arg ClatdY (@, - (p1 = p2)) CIERH

[Arg] Clatd [ (d, — (p1 = p2)) CIEH) Eﬂ - (30)
[T (dpf C[brg) CatdF'(d, — (pr = pp)) CIEH) O CH
and we have the following component formulae:
[dpf = B — do) [(d> — d;) [{d3 - dy); (31)
[brg = Igo [=t;) - [e(dy [=H2 [pd) Celdy (=, [=ps)] |:| (32)
Il__(lil Hljz) — #(d2 [=h3)); o
[ddt = I% - Iﬁl - [y - p1) [H)) [(Fp1 -~ [((d1 —~ —p1) [H)) IIIZII:I (33)

d2 - (p2 - 2 - p2) (1) [(Fp2 -~ L((d> — —pp) [H))



3.1.3 Proof of PSPACE-Hardness

Given the equivalence result of the preceding section, the followingehgcestablishing the lower-bound
result we wanted, is immediate given the known hardness of QBF-VALID:

Theorem 3. For any(p > 1), KP-SAT is PSPACE-hard.

Here, we note that this result means that the conjecture of [21] is in factaurEach logidkP (p > 1) is
strictly weaker tharlK = K?; none of these logics, in particular, has the full conjunctive closurenajd],

and yet satisfiability for each is indeed a F@ACE—hard problem. Furtherihis a result of [9] that logic

N is the intersection of thiCP logics:N =, KP, and so PSPACE-hardness does not extend below that
hierarchy. However, the conjecture is very nearly right; what is reeggdor the jump from NP (in the case

of N) to PSPACE (in the case of aik¢P) is some degreef conjunctive closure, given by some version,
howsoever weak, of axiofit<P].

3.2 Upper Bounds

To establistKP-SAT [CPSPACE we emplognodal tableauxfirst introduced by Kripke [11] as an extension
of the familiar notion of a propositional tableau. In essence, a propoditiabigau is a set of formu-
lae, closed under elementary propositional equivalence. Given tfiaitide, we can then define modal
tableaux, based upon the propositional version. In both definitiomsthe set of all formulae.

Definition 5 (Propositional tableau)The set [_lis apropositional tableauf and only if:
1. (B [} --B [ CBIC1.
2.(BIL] B[ 1[C=BYfland-B [1 CB¥ 1.
3. (BB° [N B [BP 1 CBI 1andB° 1.
4. (BB ()1 ~(B [BP [ [1or-B° 1.

Definition 6 (KP-tableau) For anyKP, a KP-tableauis a structurél = (W, RP*1 L) such that: (LW is
a set of points. (2RP*! [WP*! is a(p + 1) -ary accessibility relation. (3. : W - 2 is alabelling
function identifying each point ilW with a subset of ; for anyw [\W:

1. L(w) is a propositional tableau.
2. If [BICTXw) and [(Vy, ..., vp) R(W, vy, ..., Vp), thenijl (W, ..., vp) such thaB [LAv;).
3. If = [BICIAw), then[(\y, ..., vp) R(wW, vy, ..., vp) and il C(Wy, ..., vp) =B CIAvj).

For anyB [land anyKP-tableauT = (W, RP*1, L), we say thafl is a tableau forB if and only if there
exists some poinv W such thatA [CLT{w).

A KP-tableau is essentially@ + 1) -ary modal frame whose points are propositional tableaux. In fact,
we show thaKP-tableaux can serve as prog€P-models, proving:

Theorem 4. (Bl [){ [plZI") B [KIP-SAT if and only if someKP-tableauT is a tableau foB.



Proof (Sketch): The left-to-right direction is straightforward. For arbitreogniulaB and arbitrary value
p A", suppose thaB [CKP-SAT. Then there exists KP-modelM = (W, RP*1 V) such thaf [wl 1
W) (M,w) [B. ltis then straightforward to construct a tablékiéor A on the basis of the modaA.

For the other direction of proof, assume that for arbitrary fornfiland arbitrary valug¢ [ZI", there
exists somd<P-tableauT = (W, RP*! L) such thafT is a tableau foB. Let At [_Ibe the set of atomic
propositional formulae. Then define a mo#idl= (W, RP*1 V) with W andRP*! just as inT, and se/
as follows:

(EICAY)(wl CW) V(a,w)= T < p CLAw). (34)

We can now show that for any poimt W such thaB [Iiw) and anyB? if B%is a subformula oB,
we have both thatB® [1(w) [(M,w) B9, and alsq-B° I w) [(M,w) IBY. This suffices
for the necessary result. The proof is by inductiormgithe number of connectives occurringi?. O

3.2.1 Constructing and CheckingkP-Tableaux

The mere existence &fP-tableaux for every satisfiable formula is clearly not enough to establigbroaf.
We require a method for actually constructing such a tableau, given fohatad logickP, and checking
satisfiability on it, using only polynomial space. In aid of this, we provide anorélgm that takes formula
B and valuep as input and constructs a “pre-tableall,” This pre-tableau takes the form ofa+ 1) -ary
tree in which each nodeis labelled withL(t) = ( ¢, i), where ¢ is a set of formulae, and [{D, 1}
indicates whether that set is satisfiable (1) or not (0). Although the ftalildeof our algorithm cannot be
presented here for reasons of space, the procedure worksdntialg (1) building a propositional tableau

using subformulae oB, and (2) addingp + 1) -ary branches for every subformula of the forniBY
that we encounter. It is easy to prove that the algorithm given is guaditdgerminate, since the tréeit
produces is of height polynomial in the size of form&8aand show:

Theorem 5. ([B)( [pIZI") B [KIP-SAT -~ the KP-tableau construction algorithm returns a tfewith
rootty and labelL(tg) = ({B}, 1).

Now, it is a known fact from traditional modal logic that some formuBecan only be satisfied in
structures of size exponential |B|. Indeed, the tree-structufie produced by our algorithm can be very
large—although its overall height is polynomially bounded, the branchictgif@an make for a great num-
ber of nodes. Thus, we must show tfiatan be constructed and checked in a depth-first manner, one branch
at a time, re-using space as we go, so that we need only store data feintflatoranch at each pass.

Here, the challenge comes in the step for constructing and checkin(@ th&) -ary branches, since
we must check each element of every possibfertition of [[J] = {B°] [BY [1}. Figure 3 shows
an example folK?: since  contains— [1J]]the tableau construction requires the generation of pairs of
successors, witlkhD true at each. These successors, in turn, comprise all ways of diuvighirige set of
sentences im] ] = {A, B, C} into two parts, reflecting all the ways in which it is possible to satisfy the
semantic clause for thé_aperator at point.

Since the size of]]] is bounded only byB| = n, the set of alp-partitions can have size exponential
in n, and thus we cannot keep track of all corresponding branches ilyphs in existing proofs for other
logics. Instead, we adapt a combinatorial algorithm of Even [4], géingraartitions individually using
(4-( 03] +1) -logp) bits, re-using space as necessary. Sjride}]| < n, generating partitions uses
no more thar(4nlogp + 4) bits. An additional5n + p) bits suffices to do all necessary record-keeping;
S0, since the height of our tree is boundedyve need no more thal < (5 + 4log p)n3 + pn? bits to
computeK P-SAT, which isO(n?) = O(|B|3), for sufficiently large formulad, establishing:

Theorem 6. For any valugp [ZI" and formulaB, KP-SAT is solvable in space polynomial in sig@| = n.



t@ S={ OAOB,OCOD}

N IN N

{A, B,D}{C,D} {A C, DB, 1D} {B,C, 1D}{A, 1D}

Figure 3: A simple tableau example, for log{c.

This result, then, combined with Theorem 3, establishes the main result, namely:

Theorem 7. ([p1Z") KP-SAT is PSPACE-complete.

4 Conclusions and Extensions

We have shown a hierarchy of weak modal logics betw€eamndN to be sound and complete for epistemic
models of agents with multiple “frames of mind.” These logics are strongerithamroviding potentially
interesting tools for modelling reasoning with inconsistent information. Ouoioigyesearch investigates
the use of such logics for reasoning about distributed systems andg@catocols, and the related model-
checking problem, as in [5, 18, 19].

Our complexity results extend existing work [12, 7] and provide an ansmaeconjecture of Vardi [21].
We have shown that the precise boundary between NP and PSPACE syp#ttréo modal logics of knowl-
edge is marked by the presence of conjunctive closure principles—ghhmt, as originally hypothesized,
the strong closure axioifiK]. This shows not only the difficulty of reasoning with inconsistent informa-
tion, but also isolates relations between computational complexity and an impstriactural features of
common modal logics.

Our PSPACE-completeness result holds for all logids and is shown for a single modality; it should
be straightforward, and may be interesting, to extend this result to multiplel&dgeroperators, for use in
reasoning about multiple epistemic agents. Further results, including questionslel-checking fokP
logics, and the NP-completenesskP-SAT when the depth of nesting for modal operators is bounded by
some fixed and finite amount (in the spirit of Halpern [6]) can be found4n 1.
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