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Abstract. Any number of distinct logical consequence-relations can be
represented in preservationist terms|as preserving one or more prop-
erties of sets of sentences|providing a general and abstract perspec-
tive from which to consider theories of consequence. One simple way of
de¯ning such consequence-relations, however, yields ones that are always
strictly monotonic. At the same time, many nonmonotonic logics do not
seem to be motivated by any concern for preservation, at least not in
the way that truth-preservation is central to classical logic. It is s hown
that a wide class of nonmonotonic logics can in fact be characterized|at
least partially|in preservationist terms.

1. Nonmonotonic logic and paraconsistent logic.

While it is not typical to think of nonmonotonic logics as being concerned
with paraconsistency, it is clear that many such logics fit the general for-
mulation of paraconsistency initially given by da Costa [10]: namely, the
study of inconsistent, yet non-trivial, logical theories.1 Paraconsistent log-
ics, that is, are those in which, for whatever reasons, not everything follows
from an inconsistent set of sentences (or even from self-inconsistent single
sentences). The deductive closure of such a set or singleton does not contain
every sentence of the formal language.

On the one hand, some nonmonotonic logics are supraclassical ; the set of
consequences generated by the nonmonotonic logic is a superset of the set
of classical consequences. The literature justifies such an approach on the
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grounds that we often want to draw conclusions from incomplete informa-
tion, and some have gone so far as to say that “any nonmonotonic reasoning
method goes beyond classical logic by supporting more conclusions.”2 In
supraclassical logics, nonmonotonicity arises along with increased informa-
tion and the discarding of prior working hypotheses. Such logics are cer-
tainly not paraconsistent—since they always generate more consequences
from a set than classical logic, they are necessarily trivial in the presence of
classical inconsistency. On the other hand, many systems of nonmonotonic
logic are more evidently paraconsistent. Systems involved with changing
information and belief revision, in which new facts may supplant old ones,
will be paraconsistent if the presence of inconsistency causes one to discard
sentences from a set, in order to return to consistency. Too, research in de-
fault reasoning often deals with cases in which “rules of thumb” or “default
theories” generate consequences inconsistent with new information; in such
cases, we switch from the default theory to another theory, so that the con-
sequences generated are no longer inconsistent. Brewka has characterised
“default reasoning as a special case of inconsistency handling,” and remarks
that there

is no problem with inconsistent premises as long as we pro-
vide ways to handle the inconsistency adequately, in other
words, if we modify the inference relation in such a way that
in the case of an inconsistency less than all formulae are
derivable.3

Such systems of default reasoning are thus clearly paraconsistent systems,
and are nonmonotonic since consequences get lost in the process of changing
theories and rules of reasoning.

So, although those working in nonmonotonic logic are not explicitly para-
consistent, many nonmonotonic logics clearly fit the general description.
Furthermore, paraconsistent reasoning strategies can easily turn out to be
nonmonotonic. Consider the following simple strategy.4 For any set of sen-
tences Σ, list all the maximal classically-consistent subsets; that is, all those
subsets of Σ that are still classically consistent, and are as large as they
can be without involving any inconsistency. Now define the consequences of
Σ as follows: a sentence ® is a consequence of Σ iff ® is a classical conse-
quence of all maximally-consistent subsets of Σ. This approach is evidently
paraconsistent—even sets of self-inconsistent sentences do not generate all
possible consequences. Nonmonotonic behaviour will arise as follows. Let
Σ be the singleton f pg, containing a single atom of our language. Since
Σ is classically consistent, it has but a single maximally-consistent subset,
namely itself, and thus has the classical closure of the set Σ as its new set

2Antoniou [3], 10.
3Brewka [7], 64.
4This is a simple version of the Rescher-Manor strategy, ¯rst proposed by Rescher [16],

and extended to dealing with inconsistent premiss-sets by Rescher and Manor [18]. See
also Rescher and Brandom [17] for further applications.



PRESERVATIONIST LOGICS AND NONMONOTONIC LOGICS 3

of consequences; this closure will obviously include the very atom p. But
if we extend Σ to Σ0 = f p, : pg, the resulting set now has two maximally-
consistent subsets, f pg and f : pg. Finally, since p does not follow classi-
cally from f : pg, it is not a consequence of Σ0. So we have here defined a
nonmonotonic theory of consequence.5

1.1. Nonmonotonic logics and preservationist logic. Clearly, non-
monotonic and paraconsistent approaches overlap. It would be nice to be
able to say something more definite than this, however; it would be more
interesting to identify formal properties shared by various nonmonotonic
and paraconsistent logics. One approach, capturing properties of a wide
variety of paraconsistent logics, is known as preservationism. As its name
suggests, preservationism analyses various theories of consequence in terms
of the properties of sets of sentences they preserve. This notion is familiar
from classical logic, and indeed the preservationist approach reveals inter-
esting similarities between classical and non-classical logics, even where they
might appear to be antithetical in principle or intent. In classical logic, we
can be content in the (provable) fact that the classical consequences of a set
Σ are all true if every sentence in Σ is true in the first place—the truth of
the original set is preserved. Preservationism is the simple, but interesting,
idea that truth is only one such property of sets of sentences, and is not
always going to be the one we are interested in preserving, particularly in
cases where there is no overall truth to preserve. If a set of sentences Σ is
satisfiable, then we know that the set of consequences of Σ will also be satis-
fiable; where there is no such possibility of satisfying the original, however,
no set of consequences preserves truth, and so every set of consequences is
equivalent. No matter what we add to an unsatisfiable set, the result is
“just as true,” and so we say that the set of all consequences follows, per-
haps taking this to reflect the failure of classical methods of inference, or
rules of entailment, in the presence of semantic inconsistency.

5As one of the NASSLLI referees quite rightly pointed out, this simp le system fails to
possess one of da Costa's originally stipulated conditions for a system of paraconsistent
logic, namely that any such should contain the largest fragment of classical l ogic consistent
with non-explosiveness. (See da Costa [10], p. 498; also, see Carnielliand Marcos [9], x3:8,
for discussion.) The system described, however, has the e®ect that the set f ®; : ®g will
not in general have the same logical consequences as the single sentence(®^: ®), a feature
that is decidedly non-classical. (A connected criticism has been raised by Belnap [2], x82,
concerning the problems with adjunction raised by a Rescher-styl e system.)

It is worth noting, then, that \paraconsistent" as it is used here is use d in a sense
somewhat less rigid than that given it by da Costa. Here, we mean by the te rm all of any
variety of systems that do not explode in the presence of inconsistencies of at least some
kind. As it happens, this will encompass a rather broad class of logics, including those that
cannot be identi¯ed as sub-classical fragments. It is not, however, our goal here to either
propose or defend a particular understanding of paraconsistency; rather, we intend only
to point to the wider range of possibilities, before concentrating up on the preservationist
perspective in particular. An extended defense of the details of t hat perspective, and any
discussion of the overall conception of paraconsistency, will have to wait for another day.
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Research in paraconsistent logic has focused on cases of inconsistency,
attempting to deal with them constructively.6 Preservationism in particular
treats paraconsistent reasoning as an extension of classical techniques, by
searching out other properties than classical satisfiability or consistency to
preserve when one is dealing with unsatisfiable or inconsistent sets. This
idea was first explored in work by Schotch and Jennings [19, 13, 20], focus-
ing on the preservation of “level of consistency,” measured in terms of the
number of times a set must be partitioned in order to yield sub-parts that
are classically consistent. Logics that preserves level are closely connected
to weak K -like normal modal logics, providing for sound and complete ax-
iomatizations. Similar work has been completed for other properties of sets.
Thorn [21] has worked on the preservation of the dilution of inconsistency,
marked by the size of the smallest inconsistent subset, and has developed
systems that preserve dilution. Similarly, work by Brown [8] and Allen [1]
has developed measures of ambiguity in sets of sentences, and examined log-
ics for preserving minimal levels of such ambiguity. This range of examples
suggests that there will be many more properties suitable for preservation.

1.1.1. Defining preservationist consequence-relations. For any property of
sets of sentences, ' , and using ' (Σ) to mean that the set Σ has the property
' , we can define a ' -preserving consequence-relation as follows. A conse-
quence-relation j=

'
preserves ' iff the sentence ® stands in the relation j=

'
to

the set Σ only if adding ® to Σ preserves ' .

De¯nition 1 (Preservationist consequence). For any consequence-relation
j=

'
, and any set of sentences Σ, define the j=

'
-consequence-set of Σ, written

Cn j='
(Σ), as the set of all those sentences that stand in the relation j=

'
to Σ:

8Σ, 8®, ® 2 Cn j='
(Σ) , Σ j=

'
®.

The consequence-relation j=
'

is ' -preserving (alternately, j=
'

preserves ' ) iff:

8Σ; 8®; ®2 Cn j='
(Σ) ) (' (Σ) ) ' (Σ [ f ®g))

The question then becomes how one specifies individual ' -preserving con-
sequence-relations. One method, which has the advantage of generality but
the disadvantage of lack of detail, is derived from similar ways of proceed-
ing in classical logic. We first define the maximal-' extension of a set, an
extension as large as possible while still retaining the property ' . The set
of ' -preserving consequences is defined in terms of the set of all maximal-'
extensions of a set, just as classical logic can define classical consequence in
terms of sets of maximal-consistent extensions.

6For a historical survey of some research in the area, see Da Costa,et al [11] and
Arruda [4]. More recent research appears in a special issue of theNotre Dame Journal of
Formal Logic, edited by Priest [14].
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De¯nition 2 (Maximal-' extension). Any set Σ is maximal-' iff:
(1) ' (Σ).
(2) 8®, ® =2 Σ ) not-' (f ®g [ Σ).

8Σ, 8Σ?, Σ? is a maximal-' extension of Σ iff:
(1) Σ µ Σ?.
(2) Σ? is maximal-' .

So long as property ' can be maximally extended, the ' -preserving con-
sequences of any set Σ can be defined as those sentences in every one of the
maximal-' extensions of Σ.

De¯nition 3 (General Preservationist Schema). For any property ' of set
Σ, we define the set of ' -preserving consequences of Σ as the set:

Cn j='
(Σ) = f ®j 8Σ0; if Σ0 is a ' -preserving extension of Σ;

then (Σ0[ f ®g) is a ' -preserving extension of Σ g.

Alternately, we can reformulate the definition as the set:

Cn j='
(Σ) = f ®j 8Σ?, Σ? is a maximal-' extension of Σ ) ® 2 Σ? g.

1.1.2. A conflict between preservation and nonmonotonicity. The main dis-
advantage of this approach is that it specifies the consequence-set of any
set of sentences Σ, without giving any means, proof-theoretic or otherwise,
of getting to those consequences. Still, it is often easy to determine, given
this schematic definition, whether or not some particular sentence is in the
consequence-set of a given collection of sentences. And, restricting atten-
tion to maximally-extensible properties of sets, the resulting consequence-
relations have familiar properties such as Inclusion (or reflexivity) and Idem-
potence (or transitivity). At the same time, consequence-relations in accord
with Definition 3 are also monotonic, for most properties ' . Most prop-
erties studied in the preservationist literature are such that any set Σ has
maximal-' extensions iff it has the property ' , and for any such property,
the defined consequence-relation is strictly monotonic.

Proposition 1 (Monotonicity follows). For any property ' of sets of sen-
tences, if it is the case that

8Σ, ' (Σ) , 9 Σ?: Σ? is a maximal-' extension of Σ

then it is the case that

8Σ, 8®, Σ j=
'

® ) (8Σ0, Σ µ Σ0 ) Σ0 j=
'

®).

Proof. Assume that we are dealing with a property ' of sets of sentences
such that

8Σ, ' (Σ) , 9 Σ?: Σ? is a maximal-' extension of Σ.

Now consider an arbitrary set of sentences Σ, and an arbitrary sentence ®
such that Σ j=

'
®. Take some arbitrary Σ0 such that Σ µ Σ0. We will show
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that Σ0 j=
'

®.

There are two cases: either Σ has the property ' or not.

Case 1: Assume ' (Σ). Now either the extension Σ0 has the property
' or not. If Σ0 does not have the property ' , then by assumption Σ0

has no maximal-' extensions. In this case, by Definition 3, we have that
8¯ , ¯ 2 Cn j='

(Σ0). So, in particular, Σ0 j=
'

®. If Σ0 does have the property
' , then by assumption we know that Σ0has some maximal-' extension. But
by Definition 2, since Σ0 ¶ Σ, we have that every maximal-' extension of Σ0

is a maximal-' extension of Σ. Since, by hypothesis, Σ j=
'

®, we have that
® is a member of every maximal-' extension of Σ, by Definition 3. So ® is
a member of every maximal-' extension of Σ0, and thus Σ0 j=

'
® as required,

again by Definition 3.

Case 2: Assume not: ' (Σ). In this case, by hypothesis, the extension
Σ0 does not have the property ' either, since if it did, it would have a
maximal-' extension—but this would also be a maximal-' extension of Σ
itself, as argued above, and we know that Σ has no maximal-' extensions.
By prior argument, we know that 8¯ , ¯ 2 Cn j='

(Σ0). So, in particular,
Σ0 j=

'
®.

Thus, Proposition 1 holds. ¤

This strict monotonicity would seem to exclude nonmonotonic logics from
the preservationist purview. Furthermore, it is not clear that nonmonotonic
logics are generally concerned with preservation. In a probability-based
logic, for example, in which inference reflects what is probably true given
our original information, the consequence-relation is not meant to preserve
something like “the probability” of the original set, whatever that would
mean. It can thus seem as if there is no real connection between preserva-
tionism and nonmonotonicity.

2. Nonmonotonic logics from a preservationist perspective.

Consider a general definition of nonmonotonic consequence-relations: a
consequence-relation j» is nonmonotonic iff there exists sets Σ and Σ0 ¶ Σ,
such that the consequences of Σ0 are not a superset of the consequences of
Σ. That is, there is some consequence of Σ that is not a consequence of Σ0.

De¯nition 4 (Nonmonotonic consequence.). Any consequence-relation j»
is nonmonotonic iff:

9Σ: 9Σ0: Σ µ Σ0 & Cn j» (Σ) * Cn j» (Σ0).

That is, j» is nonmonotonic just in case:

9Σ: 9Σ0: 9®: Σ j» ® & Σ0 j»= ®.
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For any set of sentences Σ let us call any superset Σ0 such that nonmono-
tonicity arises a nonmonotonic extension of Σ. (Similarly, we can call a su-
perset that does not give rise to any such behaviour a monotonic extension.)
Now, not every superset of any set Σ need be a nonmonotonic extension of
Σ. Nor is it necessarily the case that every set Σ has such an extension. It
is entirely possible that, for some nonmonotonic consequence-relation, and
some set Σ, many of the extensions of Σ will in fact preserve consequences
in a strictly monotonic fashion. This, then, suggests a possible connection
between monotonic preservationist logics and those of a nonmonotonic vari-
ety. Bryson Brown has suggested that accounts of monotonicity and conse-
quence would do well to distinguish “pathological” from “non-pathological”
varieties of monotonicity.7 In classical logic, for instance, it is notable, and
worthy of proof, that consequences are preserved monotonically under the
generation of all consistent supersets of a consistent set. This is a regular or
non-pathological form of monotonicity, to be distinguished from the trivial
or pathological case, in which an extension of a set is inconsistent—while
consequences are preserved under superset formation in this case too, this
simply follows from the fact that all possible consequences are generated
from the inconsistent extension. Certainly, something distinctly different is
going on in the case of a nonmonotonic consequence-relation, since there
we have a case in which some supersets are properly monotonic extensions,
whereas others give rise to nonmonotonic behaviour. But we can distinguish
between proper and improper—regular and pathological—extensions in the
nonmonotonic case, as well. In this sense, “proper” extensions will be those
for which monotonicity is preserved, whereas the “improper” ones, at least
from the perspective of the original information, are those which invalidate
or block prior consequences.

2.1. Varieties of nonmonotonicity. It is this idea that points up the con-
nection between preservationist ideas and certain nonmonotonic logics. To
see how, we first distinguish between two ways in which nonmonotonicity
arises. On the one hand, nonmonotonicity can come from the outside: as we
add new information from “out in the world,” we block consequences drawn
from a more limited pool of information. This sort of “outside monotonicity”
is perhaps the most common kind studied by those working in nonmono-
tonic logic, but is not the only kind. There can also be a form of “inside
nonmonotonicity,” arising from within the very consequences generated from
some set. In this form of nonmonotonicity, consequences of set Σ are blocked
when we add in other of its consequences. In logics featuring this sort of in-
side monotonicity, the order in which we draw consequences matters—both
® and ¯ may be consequences of Σ, but drawing ® as consequence now,

7In conversation with the authour.
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means we can not draw ¯ as a consequence later. Various nonmonotonic
consequence-relations exhibit either sort of behaviour, or both.8

De¯nition 5 (Varieties of nonmonotonicity). For any consequence-relation
j» , we can define the following five varieties of nonmonotonicity.

(1) j» is outside nonmonotonic iff:

9Σ: 9®: [Σ j»= ®] & [Cn j» (Σ) * Cn j» (Σ [ f ®g)].

(2) j» is inside nonmonotonic iff:

9Σ: 9®: [Σ j» ®] & [Cn j» (Σ) * Cn j» (Σ [ f ®g)].

(3) j» is strictly outside nonmonotonic iff:
(a) j» is outside nonmonotonic,

and:
(b) j» is not inside nonmonotonic.

(4) j» is strictly inside nonmonotonic iff:
(a) j» is inside nonmonotonic,

and:
(b) j» is not outside nonmonotonic.

(5) j» is generally nonmonotonic iff:
(a) j» is outside nonmonotonic,

and:
(b) j» is inside nonmonotonic.

Now, consider strictly outside nonmonotonic consequence-relations (Df.
5.3, above). In such cases, all nonmonotonic behaviour arises from the inclu-
sion of “outside information” into set Σ; when dealing with those extensions
formed by adding in the consequences of Σ itself, monotonicity is main-
tained. As remarked, such consequence-relations are those most commonly
studied. Generally speaking, it is usual, and desirable, that we preserve all
consequences when we form the deductive closure of a set of sentences, and
our consequence-relations do not (and should not) themselves introduce non-
monotonicity into the picture. Whatever our way of drawing consequences
is, it always gives rise to appropriate and monotonicity-preserving extensions
of the original sets of sentences. Other, inappropriate extensions, where in-
formation seeps in from outside to block previously acceptable consequences,
will arise, but not because of our consequence-relation itself.

8Perhaps the largest part of nonmonotonic logics studied have been of the \out side"
variety, as in, for instance, the literature on logics of belief revisi on. \Inside" nonmonotonic
logics have tended to be somewhat more rare. However, logics having todo with default
reasoning sometimes exhibit this behaviour (see some discussion in Antoniou [3]). Too,
the adaptive logic program in the paraconsistent literature is, in some for ms, a type of
inside nonmonotonic logic, as the switch from one logic to another given the derivation
of an inconsistency thus changes the system generating consequencesspeci¯cally in order
to change the actual consequences generated. Batens [5] gives a survey ofearlier work in
this program; more recent surveys and discussions can be found in [6].
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2.2. Appropriate and non-appropriate extensions. The distinction
between appropriate and inappropriate extensions of sets can appear triv-
ial, or vacuous. In a strictly outside nonmonotonic theory of consequence
an extension is inappropriate, that is, if nonmonotonicity arises. If what
we want, however, is a formal theory of nonmonotonic consequence, we
should be able to say more than that our consequence-relation generates
only those extensions for which everything “turns out to be okay” with re-
spect to monotonicity. Our theory should specify the exact circumstances
under which nonmonotonicity arises. For any set, we want to say just what
properties it and its extensions must possess such that we can continue to
draw consequences monotonically. If nothing else, we want to be able to
state precisely the properties of those extensions for which consequence-
blocking arises, because we are after a theory that provides a useful analysis
of nonmonotonic inference. If what we are concerned with is probabilistic
inference, for instance, we want to be able to identify the salient properties
when a consequence ® that was probabilified—that is, made true to within
some acceptable level of probability—by some Σ is no longer probabilified
by an extension of Σ. If our logic is strictly outside nonmonotonic, then it
cannot be some other consequence of Σ which makes the probability of ® too
low. Neither will just any addition to the original Σ affect the probability of
® being true; only certain additions to the pool of information will have any
negative (or positive) effect upon the probability at issue. A general theory
of probabilistic inference may thus try to provide an abstracted account of
the properties of extensions of sets, such that certain of those extensions
affect the probabilities of things inferred, whereas others do not—at the
very least, we want to be able to identify such extensions when they arise.
The property of being “probabilistically appropriate” can then be defined
extensionally, if nothing else, by labeling as appropriate all those sets which
have no effect upon the probabilities at issue; the “probabilistically inappro-
priate” extensions of a set will just be those that are left over when we are
done.

Similar considerations ought to apply to all strictly outside nonmonotonic
logics. The consequences generated from a set should definitely fall within
the range of appropriate extensions for that logic, or else we have “stepped
outside the bounds” of the information we possess, and entered the territory
of the inappropriate extensions. A formal theory for one such logic should
then be able to give a specific account of what is required for appropriately
extending any set.

Notation 1 (Appropriate extension). For any sets Σ, Σ0, we write Πj»
§ (Σ0)

to mean that Σ0 is an appropriate extension of Σ, relative to j» .
We can express one criterion of an adequate definition of appropriateness

as follows: the definition should be decisive over all sets and extensions.
Criterion 1 (Decisiveness). For any strictly outside nonmonotonic conse-
quence-relation j» (Definition 5, clause 3), a property Π of sets of sentences
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is an adequate definition of appropriateness relative to j» just in case the
following holds:

8Σ, 8Σ0, either: Πj»
§ (Σ0) or: not Πj»

§ (Σ0).

It would be simply uninformative to say that an extension of some set Σ is
appropriate just in case it monotonically preserves all the consequences of Σ
itself; this, instead, ought really to fall out of our definition or specification
of appropriateness. Once we have defined the requisite notion, however, we
want that the appropriate extensions of Σ in fact are all and only those that
monotonically preserve consequences of Σ. So, while we do not want this
condition to stand as the actual definition of the property of appropriateness,
we can state this as a second criterion for any such definition.

Criterion 2 (Appropriate monotonicity). For any strictly outside nonmon-
otonic consequence-relation j» (Definition 5, clause 3), a property Π of sets
of sentences is an adequate definition of appropriateness relative to j» just
in case the following holds:

8Σ, 8Σ0, Πj»
§ (Σ0) , Cn j» (Σ) µ Cn j» (Σ0).

The property of being appropriate may stand in for a collection of distinct
properties of sets—we may want that the addition of consequences back into
a set Σ leads to extensions that are classical consistent as well as possessing
some other property particular to the logic at hand. If a set has to have
multiple properties to be appropriate, then clearly lacking one such will
make it inappropriate, and the point remains the same: every extension of
any set Σ either is or is not appropriate in the context of some nonmonotonic
logic. So too we can extend the notion of appropriateness to maximality,
simply by inserting our new property in for the place of ' in Definition 2;
for any set of sentences Σ, the set Σ0 is a maximally-appropriate extension
if and only if Σ0 is a superset of Σ, is appropriate, and is as large as it can
get without becoming inappropriate.

De¯nition 6 (Maximally appropriate). For any sets of sentences Σ and Σ0,
Σ0 is a maximally-appropriate extension of Σ, written max-Πj»

§ (Σ0), iff:

Πj»
§ (Σ0) & [8®, ® =2 Σ0 ) not Πj»

§ (Σ0[ f ®g)].

If a set has no such maximally-appropriate extensions, then the set is in-
appropriate in and of itself. It is usual, then, to say that the set has no
consequences, or has the set of all possible consequences, as in the usual
case, and depending upon what we decide we want to happen.

2.2.1. Appropriateness and preservation. No matter which of these options
is chosen, it is now made clear that strictly outside nonmonotonic conse-
quence-relations are importantly related to maximally-appropriate exten-
sions, and are concerned with the preservation of appropriateness.
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Proposition 2 (Two facts). For any consequence-relation j» , if j» is strictly
outside nonmonotonic (Definition 5, clause 3), then the following hold:

(1) 8Σ, 8®, Σ j» ® ) [8Σ0, max-Πj»
§ (Σ0) ) ® 2 Σ0].

(2) 8Σ, 8®, Σ j» ® ) Πj»
§ (Σ [ f ®g).

Proof. We assume that j» is some strictly outside nonmonotonic conse-
quence-relation. We prove each clause of Proposition 2 separately.

Clause 1: Assume, for some Σ and some ®, that Σ j» ®. Now consider
any Σ0 such that max-Πj»

§ (Σ0). Since Σ0 is an appropriate extension of Σ,
we know by Criterion 2 that Cn j» (Σ) µ Cn j» (Σ0). So Σ0 j» ®. Now sup-
pose that ® =2 Σ0. In that case, by Definition 6, we have that (Σ0 [ f ®g) is
not an appropriate extension of Σ. So, again by Criterion 2, we know that
Cn j» (Σ) * Cn j» (Σ0 [ f ®g). Then, however, Cn j» (Σ0) * Cn j» (Σ0 [ f ®g).
But then, by Definition 5, the relation j» is not strictly outside nonmono-
tonic after all, which is absurd. Therefore, ® 2 Σ0, for any Σ0 such that
max-Πj»

§ (Σ0).

Clause 2: Assume, for some Σ and some ®, that Σ j» ®. Then, for some
adequate definition of appropriateness relative to j» , as given by Criteria 1,
either Πj»

§ (Σ [ f ®g) or not Πj»
§ (Σ [ f ®g). If not Πj»

§ (Σ [ f ®g), then by
Criteria 2, Cn j» (Σ) * Cn j» (Σ [ f ®g). In this case, by Definition 5, j» would
not be strictly outside nonmonotonic, contrary to hypothesis. Therefore,
Πj»

§ (Σ [ f ®g). ¤

3. Conclusions.

Clearly, these are relatively trivial properties, following simply by the
strictures placed on appropriateness. Note also that nothing in Proposi-
tion 2, clause 1 says that the consequences of a set Σ are in fact all of those
found in every maximally-appropriate extension of Σ. It would certainly be
all right to define these as the consequences of Σ, since the above proof shows
that this would be consistent with the idea of strict outside nonmonotonicity,
but there is no saying we have to throw all of those sentences in every maxi-
mal extension into the consequence-set of Σ. Note also that the result, such
as it is, only holds for strictly outside nonmonotonic consequence-relations.
Some common systems of default reasoning studied in the literature are not
strictly outside nonmonotonic, rather fitting the definition of general non-
monotonicity (Definition 5, clause 5), and so will not be able to define their
set of consequences in this manner.9 At the same time, however, the point
stands: for a wide variety of common nonmonotonic logics, there will be a
preservationist element.

9This corresponds to the common proof, in the literature, that such sy stems are non-
cumulative. See Antoniou [3], x7.1.3, page 74, for discussion.
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