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Abstract problems, there are various ways to extend it to the infinite-

o ) . horizon case. However, in both cases, it suffers from the fact
We present a bounded policy iteration algorithm for  that the memory requirements grow quickly with each itera-
infinite-horizon decentralized POMDPs. Policies tion, and in practice it has only been used to solve very small
are represented as joint stochastic finite-state con-  problems. It is likely that any optimal algorithm would suf-

trollers, which consist of a local controller for each fer this problem, as finite-horizon DEC-POMDPSs have been
agent. We a_Iso let a joint controller include a cor- shown to be NEXP-complete, even for just two agéBesrn-
relation device that allows the agents to correlate steinet al., 2004.

their behavior without exchanging information dur- In this paper, we present a memory-bounded dynamic

ing execution, and show that this leads to improved  5rogramming algorithm for infinite-horizon DEC-POMDPS.
performance. The algorithm uses a fixed amount  The aigorithm uses a stochastic finite-state controller to rep-
of memory, and each iteration is guaranteed to pro-  resent the joint policy for the agents. A straightforward ap-
duce a controller with value at least as high as the  hroach is to use a set of independent local controllers, one for
previous one for all possible initial state distribu- each agent. We provide an example to illustrate that higher
tions. For the case of a single agent, the algorithm 31y can be obtained through the use of shared randomness.
reduces to Poupart and Boutilier's bounded policy  ag such, we define a joint controller to be a set of local con-
iteration for POMDPs. trollers along with acorrelation device The correlation de-
vice is a finite-state machine that sends a signal to all of the
. agents on each time step. Its behavior can be determined prior
1 Introduction to execution time, and thus it does not require that the agents

The Markov decision process (MDP) framework has proverexchange information after receiving local observations.
to be useful for solving problems of sequential decision mak- Our algorithm generalizebounded policy iteratiorfor
ing under uncertainty. For some problems, an agent mustOMDPs[Poupart and Boutilier, 20030 the multi-agent
base its decision on partial information about the systentase. On each iteration, a node is chosen from one of the
state. In this case, it is often better to use the more genlocal controllers or the correlation device, and its parameters
eral partially observable Markov decision process (POMDP)re updated through the solution of a linear program. The
framework. Though POMDPs are difficult to solve in the generalization has the same theoretical guarantees as in the
worst case, much progress has been made in the developmdoMDP case. Namely, an iteration is guaranteed to produce
of practical dynamic programming algorithrfSmallwood  a new controller with value at least as high for every possible
and Sondik, 1973; Cassandea al, 1997; Hansen, 1998; initial state distribution.
Poupart and Boutilier, 2003; Feng and Zilberstein, 4004 In our experiments, we applied our algorithm to idealized
Even more general are problems in which a team of decinetworking and robot navigation problems. Both problems
sion makers, each with its own local observations, must acare too large for exact dynamic programming, but could be
together. Domains in which these types of problems ariséhandled by our approximation algorithm. We found that the
include networking, multi-robot coordination, e-commerce,addition of a correlation device gives rise to better solutions.
and space exploration systems. To model such problems, we addition, larger controllers most often lead to better solu-
can use the decentralized partially observable Markov decitions.
sion process (DEC-POMDP) framework. Though this model A number of approximation algorithms have been devel-
has been recognized for decades (see, Bigitsenhausen, oped previously for DEC-POMDPEPeshkinet al, 2000;
1971]), there has been little work on efficient algorithms for Nair et al, 2003; Emery-Montemerlet al, 2004. How-
it. ever, the previous algorithms do not guarantee both bounded
Recently, an exact dynamic programming algorithm wasmemory usage and monotonic value improvement for all ini-
proposed for DEC-POMDPi$Hanseret al, 2004. Though tial state distributions. Furthermore, the use of correlated
the algorithm was presented in the context of finite-horizonstochastic policies in the DEC-POMDP context is novel. The



importance of correlation has been recognized in the game AB AA
theory communityfAumann, 1974 but there has been little BA AA R AB
work on algorithms for finding correlated policies. BB BA

2 Background R /) -R
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In this section, we present our formal framework for
multi-agent decision making. Alecentralized partially-
observable Markov decision process (DEC-POMI¥A tu-
ple(I,S,{A;},{O;}, P, R), where
e [is afinite set of agents indexad. .., n +R
e Sis afinite set of states
e A; is a finite set of actions available to agenand  Figure 1: This figure shows a DEC-POMDP for which the
A = x,;c14; is the set of joint actions, wherg¢ =  Optimal memoryless joint policy requires correlation.
(a1, ...,a,) denotes a joint action

BB

e O, is a finite set of observations for age'nand(j Taken together, the agents’ controllers determine the con-
x,c10; is the set of joint observations, whee2 ditional distributionP(a, ¢’|q,0). This is denoted ainde-
(01,...,0,) denotes a joint observation pendent joint controller In the following subsection, we

r]show that independence can be limiting.

e P is a set of Markovian state transition and observatio
probabilities, where(s’, ols, @) denotes the probability 35  The Utility of Correlation
that taking joint actiori in states results in a transition

to states’ and joint observatiod The joint controllers described above do not allow the agents
S . ) to correlate their behavior via a shared source of randomness.
e R:5xA— Risareward function We will use a simple example to illustrate the utility of cor-

In this paper, we consider the case in which the procesgelation in partially observable domains where agents have
unfolds over an infinite sequence of stages. At each stage, dimited memory. This example generalizes the one given in
agents simultaneously select an action, and each receives thginghet al, 1994 to illustrate the utility of stochastic poli-
global reward and a local observation. The objective of theties in single-agent partially observable settings.
agents is to maximize the expected discounted sum of rewards Consider the DEC-POMDP shown in Figure 1. This prob-
received. We denote the discount factoand require that lem has two states, two agents, and two actions per agent (

0<y<l. andB). The agents each have only one observation, and thus
cannot distinguish between the two states. For this example,
3  Finite-State Controllers we will consider only memoryless policies.

. L Suppose that the agents can independently randomize their
Our algorithm uses stochastic finite-state controllers to repgaonavior using distribution®(a; ) and P(as), and consider
resent policies. In this section, we first define a type of cony,q policy in which each agent chooses eitkiemrB accord-

troller in which the agents actindependently. We then provid,, 5 5 yniform distribution. This yields an expected reward

an example demonstrating the utility of correlation, and showy¢™ per time step, which results in an expected long-term
how to extend the definition of a joint controller to allow for 2 !

correlation among agents. reward ofﬁ. It is straightforward to show that no in-
dependent policy yields higher reward than this one for all

3.1 Local Finite-State Controllers states.

In a DEC-POMDP, each agent must select an action based on Next, let us consider the larger class of policies in which

its history of local observations. Finite-state controllers pro-th€ agents may act in a correlated fashion. In other words, we

vide a way to represent local policies using a finite amoungonsider all joint distribution®(as, az). Consider the policy

of memory. The state of the controller is based on the ob{hat assigns prqba_b|l|t§ to the pairAA and probability; to-

servation sequence, and the agent's actions are based on th€ PairBB. This yields an average reward of 0 at each time

state of its controller. We allow for stochastic transitionsSteP and thus an expected long-term reward of 0. The dif-
and stochastic action selection, as this can help to makference between the rewards obtained by the independent and

up for limited memory. This type of controller has been correlated policies can be made arbitrarily large by increasing
used previously in the single-agent contfRlatzman, 1980;
Meuleauet al., 1999; Poupart and Boutilier, 20D3 .
Formally, we define éocal finite-state controllefor agent 3.3 Correlated Joint Controllers

i to be a tuple(Q;, vi, n;), where@); is a finite set of con- Inthe previous subsection, we established that correlation can
troller nodesy); : @Q; — AA,; is an action selection function, be useful in the face of limited memory. In this subsection, we
andn; : Q; x A; x O; — AQ, is a transition function. The extend our definition of a joint controller to allow for correla-
functionsy; andn; parameterize the conditional distribution tion among the agents. To do this, we introduce an additional
P(a;, ¢}|gi, 0;). finite-state machine, called a correlation device, that provides



Variables:e, z(c, a;), z(c, a;, 0, q)
Objective: Maximize:
Improvement constraints:

Vs, q—i,c V(s,q,c)+e < Z P(a_;le,q—i)[z(c,a;)R(s, @) +
Y Z CC(C7 ai,Oi,q;)P(qLi‘C, q,i,a,i,o,i)P(S',é'\s,d')P(c/|c)V(s/,q_’/,c/)]
s',0,q" ¢’
Probability constraints:

Ve Zx(c,ai)zl, Ve, a;i, 0; Zx(c,ai,oi,qg)za:(c,ai)

a; q"i

VC, a; I(C, ai) Z Oa VC, az‘a‘%‘]; ,I(C, ai701aQQ) Z 0

Table 1: The linear program used to find new parameters for agemideq;. The variablez(c, a;) represent®(a;|q¢;, ¢), and
the variablex(c, a;, 0, ¢}) representd(a;, ¢}|c, gi, 0;).

extra signals to the agents at each time step. The device ofated joint controller, we can either change the correlation de-
erates independently of the DEC-POMDP process, and thugce or one of the local controllers. Both improvements can
does not provide the agents with information about the othebe done via &@ounded backupwhich involves solving a lin-
agents’ observations. In fact, the random numbers necessaear program. Following an improvement, the controller can
for its operation could be determined prior to execution time be reevaluated through the solution of a set of linear equa-
Formally, acorrelation devices a tuple(C, ), whereC' tions. Below, we describe how a bounded backup works, and
is a set of states and : C — AC is a state transition func- prove that it always produces a new controller with value at
tion. At each step, the device undergoes a transition, and eadbast as high for all initial state distributions.
agent observes its state.
We must modify the definition of a local controller to 4.1 Improving a Local Controller
take the state of the correlation device as input. Now, aMNe first describe how to improve a local controller. To do
local controller for agent is a conditional distribution of this, we choose an agent along with a nodey;. Then,
the form P(a;, ¢;|c, ¢i, 0;). The correlation device together we search for new parameters for the conditional distribution
with the local controllers form a joint conditional distribu- P(a;, ¢}|c, ¢, 0i).

tion P(c',d,q"|c, q,0). We will refer to this as aorrelated The search for new parameters works as follows. We as-
joint controller Note that a correlated joint controller with sume that the original controller will be used from the second
|C| = 1is effectively an independent joint controller. step on, and try to replace the parametersgfowith better

The value function for a correlated joint controller can beones for just the first step. In other words, we look for the
computed by solving the following system of linear equa-best parameters satisfying the following inequality:

tions, one foreach € S, ¢ € @, andc € C: Vis.q.c ZP dle, §)[R(s, a) +
V(s,q.c ZP dle, @)[R(s,@) +
y Z P({|e, @, a@,0)P(s',d]s,qd)
v Z P(s',0ls,@)P({"|c, q, a,0) s/,5,0 ¢’
s',0,q",c! . P(C/|C)V(S/,§/,C)]
PV (s, q",c)]. foralls € S, q_; € Q_;, andc € C. Note that the inequality
We sometimes refer to the value of the controller for an initiallS always satisfied by the original parameters. However, it is
state distribution. For a distributia this is defined as often possible to get an improvement. o
Finding new parameters can be done using linear program-
= max Z 0(s)V(s,q,c ming, as shown in Table 1. We note that this linear program is

the same as that of Poupart and Boutilier [2003] for POMDPs,
with the nodes of the other local controllers and correlation
device considered part of the hidden state. Its size is polyno-
mial in the sizes of the DEC-POMDP and the joint controller,
but exponential in the number of agents.

4 Bounded Policy Iteration 4.2 Improving the Correlation Device

We now describe our bounded policy iteration algorithm forThe procedure for improving the correlation device is very
improving correlated joint controllers. To improve a corre- similar to the procedure for improving a local controller. We

It is assumed that, given an initial state distribution, the con-
troller is started in the joint node which maximizes value from
that distribution.



Variables:e, z(c)
Objective: Maximize:
Improvement constraints:

Vs,q V(s,q,c)+e

Probability constraints:

’

C

Ve Zm(c’) =1, V¢ xz(d)>0

Z P({"|c,q,a,0)P(s',als,a@)x(c )V (s, 7, )]

Table 2: The linear program used to find new parameters for the correlation device.ndthe variablex(c) represents

P(cc).

first choose a device nodeand consider changing its param-

TFY(V,) > Tk(V,). SinceV,, = limy,_., T*(V,), we have

eters for just the first step. We look for the best parameterthatV,, > V,. Thus, the value of the new controller is higher

satisfying the following inequality:

Vis,q,c) < Z P(dle, §)[R(s,a) +

> P(q'|e.q.@,5)P(s,d]s, @)

0,q9°,¢

- P(|V(s',q", )]

Y
s

forall s € S andg e Q.
As in the previous case, the search for parameters c
be formulated as a linear program. This is shown in Tabl

2. This linear program is also polynomial in the sizes of
the DEC-POMDP and joint controller, but exponential in the

number of agents.

4.3 Monotonic Improvement

than that of the original controller for all possible initial state
distributions.

The argument for changing nodes of the correlation device
is almost identical to the one given above.

4.4 Local Optima

Although bounded backups give nondecreasing values for all
initial state distributions, convergence to optimality is not
guaranteed. There are a couple of factors contributing to this.
First is the fact that only one local controller, or the corre-

3at|on device, is improved at once. Thus, it is possible for

the algorithm to get stuck in a suboptimal Nash equilibrium

in which each of the controllers and the correlation device
is optimal with the others held fixed. It is an open problem

whether there is a linear program for updating more than one
controller at a time.

Of course, a bounded backup does not finddapmal pa-

We have the following theorem, which says that performing

X . ra
either of the two updates cannot lead to a decrease in val
for any initial state distribution.

meters for one controller with the others held fixed. Thus,
L?sequence of such updates may converge to a local optimum
without even reaching a Nash equilibrium. For POMDPs,
Theorem 1 Performing a bounded backup on a local con- Poupart and Boutilier [2003] provide a characterization of
troller or the correlation device produces a correlated joint these local optima, and a heuristic for escaping from them.
controller with value at least as high for every initial state This could be applied in our case, but it would not address

distribution.

Proof. Consider the case in which some nageof agent
i's local controller is changed. Léf, be the value function
for the original controller, and lev,, be the value function

the suboptimal Nash equilibrium problem.

5 Experiments
We implemented bounded policy iteration and tested it on two

for the new controller. Recall that the new parameters forifferent problems, an idealized networking scenario and a

P(a;, qle, qi, 0;) must satisfy the following inequality for all
s€S,q; €Q_;,andc € C:

Vo(s,qi0) < Z P(dle, [R(s,a) +

v Y. P('le,§,d0)P(s,dls,d)

' 7 A7 o
s’,0,q" ¢

- P(cle)Vo(s',q", )]

Notice that the formula on the right is the Bellman opera-

problem of navigating on a grid. Below, we describe our ex-
perimental methodology, the specifics of the problems, and
our results.

5.1 Experimental Setup

Although our algorithm guarantees nondecreasing value for
all initial state distributions, we chose a specific distribution
to focus on for each problem. Experiments with different dis-
tributions yielded qualitatively similar results.

We define drial run of the algorithm as follows. At the

tor for the new controller, applied to the old value function. start of a trial run, a size is chosen for each of the local con-
Denoting this operatdr,,, the system of inequalities implies trollers and the correlation device. The action selection and
thatT,,V, > V,. By monotonicity, we have that for all > 0, transition functions are initialized to be deterministic, with
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Figure 2: Average value per trial run plotted against the size of the local controllers, for (a) the multi-access broadcast channel
problem, and (b) the robot navigation problem. The solid line represents independent controllers (a correlation device with one
node), and the dotted line represents a joint controller including a two-node correlation device.

the outcomes drawn according to a uniform distribution. Athe buffer for agent 1 containing a message and the buffer for

stepconsists of choosing a node uniformly at random fromagent 2 being empty.

the correlation device or one of the local controllers, and per- . .

forming a bounded backup on that node. After 50 steps, the-3 Meeting on a Grid

run is considered over. In practice, we found that values usun this problem, we have two robots navigating on a two-

ally stabilized within 15 steps. by-two grid with no obstacles. Each robot can only sense
We varied the sizes of the local controllers from 1 to 7 (thewhether there are walls to its left or right, and the goal is

agents’ controllers were always the same sizes as each otheigr the robots to spend as much time as possible on the same

and we varied the size of the correlation device from 1 to 2square. The actions are to move up, down, left, or right, or

Thus, the number of joint nodes ranged from 1 to 98. Memonyto stay on the same square. When a robot attempts to move

limitations prevented us from using larger controllers. Forto an open square, it only goes in the intended direction with

each combination of sizes, we performed 20 trial runs. Weprobability 0.6, otherwise it either goes in another direction

recorded the highest value obtained across all runs, as well & stays in the same square. Any move into a wall results in

the average value over all runs. staying in the same square. The robots do not interfere with
. each other and cannot sense each other.
5.2 Multi-Access Broadcast Channel This problem has 16 states, since each robot can be in any

Our first domain is an idealized model of control of a multi- of 4 squares at any time. Each robot has 4 observations, since
access broadcast chant€loi and Wornell, 1996 In this it has a bit for sensing a wall to its left or right. The total
problem, nodes need to broadcast messages to each other omamber of actions for each agent is 5. The reward is 1 when
a channel. Only one node may broadcast at a time, otherwis@e agents share a square, and 0 otherwise, and the discount
a collision occurs. The nodes share the common goal of maxactor is 0.9. The initial state distribution is deterministic,
imizing the throughput of the channel. placing both robots in the upper left corner of the grid.

At the start of each time step, each node decides whether or
not to send a message. The nodes receive a reward of 1 whépd  Results
a message is successfully broadcast and a reward of 0 othdter each combination of controller sizes, we looked at the
wise. At the end of the time step, each node observes its owest solutions found across all trial runs. The values for these
buffer, and whether the previous step contained a collision, aolutions were the same for all controller sizes except for the
successful broadcast, or nothing attempted. few smallest.

The message buffer for each agent has space for only one It was more instructive to compare average values over all
message. If a node is unable to broadcast a message, the m&l runs. Figure 2 shows graphs of average values plotted
sage remains in the buffer for the next time step. If a nbde against controller size. We found that, for the most part, the
is able to send its message, the probability that its buffer willaverage value increases when we increase the size of the cor-
fill up on the next step ip;. Our problem has two nodes, relation device from one node to two nodes (essentially mov-
with p; = 0.9 andp, = 0.1. There are 4 states, 2 actions ing from independent to correlated).
per agent, and 5 observations per agent. The discount fac- For small controllers, the average value tends to increase
tor is 0.9. The start state distribution is deterministic, withwith controller size. However, as the controllers get larger,
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