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Abstract

We study the problem of Reinforcement Learning (RL) us-
ing as few real-world samples as possible. A naive applica-
tion of RL can be inefficient in large and continuous state
spaces. We present a Multi-Fidelity Reinforcement Learning
(MFRL) model-free algorithm that leverages Gaussian Pro-
cesses (GPs) to learn the optimal policy in the real world. In
the MFRL framework, an agent uses multiple simulators of
the real environment to perform actions. With increasing fi-
delity in a simulator chain, the number of samples used in
successively higher simulators can be reduced. By incorpo-
rating GPs in the MFRL framework, further reduction in the
number of learning samples can be achieved as we move up
the simulator chain. We examine the performance of our al-
gorithm through simulations and through real-world experi-
ments for navigation with a ground robot.

Introduction
Reinforcement learning (RL) allows an agent to learn di-
rectly from an environment without relying on exemplary
supervision or complete models of the environment (Sut-
ton and Barto 1998). Recently, there has been a signifi-
cant development in RL applied to learning policies for
robots (Mnih et al. 2015; LeCun, Bengio, and Hinton 2015;
Silver et al. 2016). A major limitation of using RL for learn-
ing with robots is the need to obtain a large number of train-
ing samples. Obtaining a large number of real-world sam-
ples can be expensive and potentially dangerous. In partic-
ular, obtaining negative samples may require the robot to
collide or fail, which is undesirable. The overall goal of our
work is to reduce the number of real-world samples required
for learning optimal policies. In this paper, we show how to
leverage one or more simulators along with real-world sam-
ples to learn a policy for a robot.

We build on the Multi-Fidelity Reinforcement Learning
(MFRL) algorithm from (Cutler, Walsh, and How 2015).
MFRL leverages multiple simulators with varying fidelity
levels to minimize the number of real-world (i.e., high-
est fidelity simulator) samples. The simulators, denoted by
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Figure 1: MFRL framework: The first simulator captures
only grid-world movements of a point robot while the sec-
ond simulator has more fidelity modeling the physics as
well. Control can switch back and forth between the sim-
ulators and real environment which is the third simulator in
the chain. We use the Python-based simulator Pygame as Σ1,
Gazebo as Σ2 and Pioneer P3-DX robot in real-world as Σ3.

Σ1, . . . ,Σd, have increasing levels of fidelity with respect to
the real environment. For example, Σ1 can be a simple sim-
ulator that models only the robot kinematics, Σ2 can model
the dynamics as well as kinematics, and the highest fidelity
simulator can be the real-world (Figure 1).

MFRL differs from transfer learning (Taylor, Stone, and
Liu 2007), where a transfer of parameters is allowed only
in one direction. The MFRL algorithm starts in Σ1. Once it
learns a sufficiently good policy in Σ1, it switches to a higher
fidelity simulator. If it observes that the policy learned in the
lower fidelity simulator is no longer optimal in the higher fi-
delity simulator, it switches back to the lower fidelity simu-
lator. (Cutler, Walsh, and How 2015) showed that the result-
ing algorithm has polynomial sample complexity and mini-
mizes the number of samples required for the highest fidelity
simulator, i.e., the real world, under some technical condi-
tions.

The original MFRL algorithm uses the Knows-What-It-
Knows framework (Li et al. 2011) to learn the transition and
reward functions at each level. The reward and transition for
each state-action pair are learned independently of others.
While this is reasonable for general agents, when planning
for physically-grounded robots, we can exploit the spatial
correlation between neighboring state-action pairs to speed
up the learning.

We use Gaussian Process (GP) regression (Rasmussen
and Williams 2006) as a function approximator to speed
up learning in the MFRL framework. GPs can predict the
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learned function value for any query point, and not just for
a discretized state-action pair. Furthermore, GPs can exploit
the correlation between nearby state-action values by an ap-
propriate choice of a kernel. GPs have been used in conjunc-
tion with policy search methods to obtain optimal policies
in simulation-aided reinforcement learning (Cutler and How
2016; M. Cutler and J. P. How 2015). We take this further
by using GPs in the MFRL setting.

In MFRL, the state-space of Σi is a subset of the state
space of Σj for all j > i. Therefore, when the MFRL al-
gorithm switches from Σi to Σi+1 it already has a policy
(better than naive) for states in Σi+1 \ Σi. Thus, GPs are
particularly suited for MFRL, which we verify through our
simulation results.

Our main contribution in this paper is to leverage GP re-
gression for model-free MFRL by directly estimating the
optimal Q-values (GPQ-MFRL) and subsequently calculat-
ing the optimal policy. We verify the performance of the
GP-based MFRL algorithm through simulations as well as
experiments with a ground robot. Our empirical evaluation
shows that the GP-based MFRL algorithm learns the optimal
policy faster than the original MFRL algorithm using even
fewer real-world samples. The original MFRL work was for
a model-based approach. We extend it to introduce a model-
free version. Model-free algorithms have been used in con-
junction with transfer learning in the past (Taylor, Stone, and
Liu 2007).

The rest of the paper is organized as follows. In the next
section, we present the background on RL and GPs followed
by a survey of related work. Next, we present the GP-MFRL
algorithm (GPQ-MFRL) followed by experimental results
along with comparisons with other MFRL and non-MFRL
techniques. We conclude with a discussion of the future
work.

Background
Reinforcement Learning
RL problems can be formulated as a Markov Decision
Process (MDP): M = �S,A,P,R, γ�, with state space
S , action space A, transition function P(st, at, st+1) �→
[0, 1], reward function R(st, at) �→ R and discount fac-
tor γ ∈ [0, 1) (Sutton and Barto 1998; Puterman 2014).
A policy π : S → A maps states to actions. Together
with the initial state s0, a policy forms a trajectory ζ =
{[s0, a0, r0], [s1, a1, r1], . . .} where at = π(st). rt and st+1

are sampled from the reward and transition functions, re-
spectively.

We consider a scenario where the goal is to maximize the
infinite horizon discounted reward starting from a state s0.
The value function for a state s0 is defined as Vπ(s0) =

E[
�t=∞

t=0 γtrt(st, at)|at = π(st)]. The state-action value
function or Q-value of each state-action pair under policy π
is defined as Qπ(s, a) = E[

�t=∞
t=0 γtrt+1(st+1, at+1)|s0 =

s, a0 = a] which is the expected sum of discounted rewards
obtained starting from state s, taking action a and following
π thereafter. The optimal Q-value function Q∗ for a state-
action pair (s, a) satisfies Q∗(s, a) = maxπQπ(s, a) =

V∗(s) and can be written recursively as,

Q∗(st, at) = Est+1
[r(st, at) + γV∗(st+1)]. (1)

Our objective is to find the optimal policy π∗(s) =
argmaxaQ

∗(s, a) when R and P are not known to the agent.
In model-based approaches, the agent learns R and P first
and then finds an optimal policy by calculating optimal Q-
values from Equation 1. The most commonly used model-
based approach is VI (Jung and Stone 2010; Brafman and
Tennenholtz 2002). We can also directly estimate the opti-
mal Q-values (model-free approaches) (Strehl et al. 2006;
Grande, Walsh, and How 2014) or directly calculate the
optimal policy (policy-gradient approaches) (Sutton et al.
2000). The most commonly used model-free algorithm is Q-
learning (Watkins and Dayan 1992). For our GPQ-MFRL
implementation, we use Q-learning to perform the policy
update using GP regression.

In this work, we focus on the model-free version of GP
based MFRL since they are computationally and memory
efficient (Brafman and Tennenholtz 2002).

Gaussian Processes
GPs are Bayesian non-parametric function approximators.
GPs can be defined as a collection of infinitely many random
variables, any finite subset X = {x1, . . . ,xk} 1 of which is
jointly Gaussian with mean vector m ∈ Rk and covariance
matrix K ∈ Rk×k (Rasmussen and Williams 2006).

Let X = {x1, . . . ,xk} denote the set of the training in-
puts. Let y = {y1, . . . , yk} denote the corresponding train-
ing outputs. GPs can be used to predict the output value at a
new test point, x, conditioned on the training data. Predicted
output value at x is normally distributed with mean µ̂(x) and
variance σ̂2(x) given by,

µ̂(x) = µ(x) + k(x,X)[K(X,X) + ω2I]
−1

y, (2)

σ̂2(x) = k(x,x)− k(x,X)[K(X,X) + ω2I]
−1

k(X,x) + ω2,
(3)

where K(X,X) is the kernel. The entry Kxl,xm
gives the

covariance between two inputs xl and xm. µ(x) in Equa-
tion 2 is the prior mean of output value at x.

We use a zero-mean prior and a squared-exponential ker-
nel where Kxl,xm is given by,

Kxl,xm = σ2 exp

�
−1

2

d=D�

d=1

�
xdl − xdm

ld

�2
�

+ ω2, (4)

σ2, ld and ω2 are hyperparameters that can be either set by
the user or learned online through the training data.

In the GPQ-MFRL algorithm, we use GPs to learn Q-
values. GPs are proved to be consistent function approxi-
mators in RL with convergence guarantees (Melo, Meyn,
and Ribeiro 2008; Chowdhary et al. 2014). A set of state-
action pairs is the input to GP and Q–values are the out-
put/observation values to be predicted.

1Upper and lower bold face letters represent matrices and vec-
tors respectively. Scalar values are represented by a lower-case let-
ter.
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Related Work
In model-based approaches, GPs are commonly used to
learn transition models for agents moving in the real
world (Dames, Tokekar, and Kumar 2015) and have been
used in RL to learn the transition function (Rasmussen and
Kuss 2003) and the reward function (Deisenroth 2010). GPs
have also been used in model-free approaches for approxi-
mating the Q-values in continuous state-action spaces (En-
gel, Mannor, and Meir 2003). This was extended to the GP-
SARSA algorithm which includes online action selection
and policy improvement steps (Engel, Yaakov and Mannor,
Shie and Meir, Ron 2005). The authors used the posterior
variance to compute confidence intervals around the value
estimate and note that the variance could be used for explo-
ration.

Using multiple approximations of real-world environ-
ments has previously been considered in the litera-
ture (Abbeel, Quigley, and Ng 2006; Taylor, Stone, and Liu
2007; Torrey and Shavlik 2009). (Yao and Doretto 2010)
extended the transfer learning framework for transferring
knowledge from multiple sources. (Yosinski et al. 2014)
show the transfer of features in deep neural networks and
demonstrate that initializing a network with transferred fea-
tures from almost any number of layers can generalize to
fine-tuning to the target dataset. Unlike these methods, the
MFRL algorithm allows for bi-directional switching, where
the agent is allowed to go back to lower fidelity simulator to
gather additional samples.

The MFRL algorithm was introduced by (Cutler, Walsh,
and How 2015) where they showed how to leverage the
model-based RMax algorithm to reduce the number of sam-
ples. Our empirical results demonstrate that the number of
samples for MFRL can be brought further down by leverag-
ing GPs.

Algorithm Description
In this section, we first describe our algorithm. We compare
the proposed algorithm with baseline strategies through sim-
ulations. A flowchart of the proposed algorithm is shown in
Figure 2.

Figure 2: Overview of our model-free algorithm (GPQ-
MFRL). Simulators are represented by Σ1,Σ2, . . . ,Σd.
GPQ-MFRL directly estimates Q-values using GPs.

GPQ-MFRL Algorithm
The agent learns the optimal Q-values using GPs directly,
instead of learning the model first. The underlying assump-

tion is that nearby state-action pairs will produce similar
Q-values. This assumption can also be applied to prob-
lems where the states and actions are discrete but the tran-
sition function implies some sense of continuity. We choose
the squared-exponential kernel because it models the spa-
tial correlation we expect to see in a robot. However, any
appropriate kernel can be used. We use a separate GP per
simulator to estimate the Q-values using only data collected
in that simulator.

Algorithm 1 GPQ-MFRL Algorithm
1: procedure
2: Input: confidence parameters σth and σsum

th ; simulator
chain �Σ, fidelity parameters β, state mappings ρ�; L.

3: Initialize: Q̂i = initialize GP for i ∈ {1, . . . , d}; state
s0 in simulator Σ1; i ← 1; change = FALSE.

4: Initialize: t ← 0; Di ← {} for i ∈ {1, . . . , d}.
5: while terminal condition is not met
6: at ← CHOOSEACTION(st, i)
7: if σi(st, at) ≤ σth: change = TRUE
8: if σ (ρi(st), at) > σth and change and i > 1
9: st ← ρi(st), i ← i− 1, continue

10: �rt, st+1� ← execute action at in Σi

11: append �st, at, st+1, rt� to Di

12: Yi ← {}
13: for �st, at, st+1, rt� ∈ Di //batch training//
14: yt ← rt + γmaxaQ̂i (st+1, a)
15: append �st, at, yt� to Yi

16: Q̂i ← update GPi using Yi

17: if
�j=t−L

j=t σi(sj , aj) ≤ σsum
th and t > L and i <

d
18: st ← ρ−1

i+1 (st) , i ← i+ 1
19: change = FALSE
20: end procedure
21:
22: procedure CHOOSEACTION(s, i)
23: for a ∈ A(s)

24: Q(s, a) = Q̂i−1 (ρi(s), a) + βi

25: for k ∈ {i, . . . , d}
26: sk = ρ−1

k . . . ρ−1
i+2ρ

−1
i+1(s)

27: if σk(sk, a) ≤ σth: Q(s, a) = Q̂k(sk, a)
28: return argmaxa Q(s, a)
29: end procedure

Algorithm 1 gives the details of the proposed framework.
GPQ-MFRL continues to collect samples in the same simu-
lator until the agent is confident about its optimal actions. If
the running sum of the variances is below a threshold (Line
17), this suggests that the robot has found a good policy with
high confidence in the current simulator and it must advance
to the next one (Line 18).

GPQ-MFRL keeps track of the variance of the L most re-
cently visited state-action pairs in the current simulator. If
the running sum of the variances is below a threshold (Line
15), this suggests that the robot is confident about its ac-
tions in the current simulator and can advance to the next
one. In the original work (Cutler, Walsh, and How 2015),
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the agent switches to the higher fidelity simulator after a cer-
tain number of known state-action pairs were encountered.
In our implementation (Line 7), the model of current envi-
ronment changes if the posterior variance for a state-action
pair drops below a threshold value (i.e., agent has a suffi-
ciently accurate estimate of the transitions from that state).
The algorithm checks if the agent has a sufficiently accu-
rate estimate of optimal Q-values in the previous simulator
(Line 8). Lines 10–15 describe the main body of the algo-
rithm where the agent records the observed transitions in
Di. We update target values (Line 14) for every transition
as more data gets collected in Di (Line 13). The GP model
is updated after every step (Line 16).

The agent utilizes the experiences collected in higher sim-
ulators (Lines 25–27) to choose the optimal action in the cur-
rent simulator (Line 6). Specifically, it checks for the max-
imum fidelity simulator in which the posterior variance for
(s, a) is less than a threshold σth. If one exists, it utilizes the
Q-values from the highest known simulator to choose the
next action in the current simulator. If no such higher simu-
lator exists, the Q-values from the previous simulator (Line
24) are considered to choose the next action in the current
simulator with an additive fidelity parameter β.

GPQ-MFRL performs a batch retraining every time the
robot collects the new sample in a simulator (Lines 13–15).
During the batch retraining, the algorithm updates the target
values in previously collected training data using the knowl-
edge gained by collecting new samples. Then these updated
target values are used to predict the Q-values using GPs
(Line 16). As the amount of data grows, updating the GP can
become computationally expensive. However, we can prune
the dataset using sparse GP techniques (Engel, Yaakov and
Mannor, Shie and Meir, Ron 2005). It is non-trivial to choose
values for confidence bounds but for the current experiments
we chose the σsum

th to be ten percent of the maximum Q-
value possible and σth to be one fifth of σsum

th .

Results
We use three environments to simulate GPQ-MFRL. Σ1 is
Python-based simulator Pygame (Shinners 2011), Σ2 is a
Gazebo environment, and Σ3 is the real world.

Evaluating the GPQ-MFRL Algorithm
We use three environments (Figure 1) to demonstrate the
GPQ-MFRL algorithm. The task of the robot is to navigate
through a given environment without crashing into the ob-
stacles, assuming the robot has no prior information about
the environments. There is no goal state.

The robot has a laser sensor that gives the distance read-
ings from the obstacles along seven equally spaced direc-
tions. The angle between two consecutive measurement di-
rections is π

8 radians and range of measurements is 5 me-
ters. The actual robot has a Hokuyo laser sensor that op-
erates in the same configuration. Distance measurements
along the seven directions serve as the state in the environ-
ment. Hence, we have a seven-dimensional continuous state
space: S ∈ (0, 5]7 (Figure 1), where individual state dimen-
sion corresponds to the distance measurement along a par-

ticular direction. Note that this is a different state represen-
tation than the standard one used in navigation where the X
and Y coordinates of the robot are used as the state. Since we
use the sensor input directly as the state, the learned policy
maps the sensor inputs directly to the actions, thereby learn-
ing a polygon that avoids collisions. This can easily gener-
alize to any environment.

The linear speed of the robot is held constant at 0.2 m/sec.
The robot can choose its angular velocity from nineteen pos-
sible options: {−π

9 ,−π
8 , . . . ,

π
9 }. The reward in each state is

set to be the sum of laser readings from seven directions ex-
cept when the robot hits the obstacle when it gets a reward
of -50.

We train the GP regression, Q(s, a) : R8 → R. Hyperpa-
rameters of the squared-exponential kernel were calculated
off-line by minimizing the negative log marginal likelihood
of 2000 training points which were collected by letting the
robot run in the real world directly. The parameter values for
experiments in this section are given in Table 1.

Table 1: Parameters used in GPQ-MFRL
Description Type Value

σ 102.74Hyperparameters
l [2.1, 5.1, 14, 6.2, 15, 2, 2, 1]

ω2 20
σsum
th 60Confidence parameters
σth 15

Algorithm L 5

Average Cumulative Reward in the Real-World In Fig-
ure 3, we compare GPQ-MFRL algorithm with three other
baseline strategies by plotting the average cumulative reward
collected by the robot as a function of samples collected in
the real world. Three baseline strategies are,

1. Directly collecting samples in the real world without the
simulators (Direct),

2. Collect hundred samples in one simulator and transfer the
policy to the Pioneer robot with no further learning in the
real world (Frozen Policy) and

3. Collect hundred samples in one simulator and transfer the
policy to the robot while continuing to learn in the real
world (Transferred Policy).

Policy Improvement over Time Figure 4 shows the ab-
solute percentage change in the sum of the value functions
with respect to last estimated sum of value functions and av-
erage predictive variance for states {1, 3, 5}7 in all the three
simulators. Observe that initially most of the samples are
collected in the simulator, whereas over time the samples
are collected mostly in the real world. The simulators help
the robot to make its value estimates converge quickly as ob-
served by a sharp dip in the first white region. Note that GP
updates for ith simulator (Q̂i) are made only when the robot
is running in ith simulator.
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Figure 3: Average cumulative reward collected by Pioneer
in real-world as a function of the samples collected in real-
world. The plot shows the average and standard deviation of
2 trials.

(a) Sum of absolute change in
value functions

(b) Average variances in value
function estimations

Figure 4: Yellow, green and white regions correspond to the
samples collected in the Pygame, Gazebo and real-world en-
vironments respectively. Plots are for state set {1, 3, 5}7.

Discussion and Future Work
The GP-based MFRL algorithm provides a general RL tech-
nique that is particularly suited for robotics. We demon-
strated empirically that the GP-based MFRL algorithm finds
the optimal policies using fewer samples than the base-
line algorithms. We plan to analyze the algorithms in or-
der to provide theoretical bounds for the sample complex-
ity. (Strehl et al. 2006) show that the sample complexity
of RMax algorithm after ignoring logarithmic factors is
Õ
�

S2A
�3(1−γ)6

�
. Here S is the size of state space, A is the

number of actions available to the agent, γ is the discount
factor and � denotes the desired accuracy until the algorithm
converges.

One disadvantage of using GPs is that as the number of
observations increase, the time taken to perform GP updates
also increases in with cubic complexity. However, we can
use adaptive sample selection techniques (Osborne 2010) as
well as numerical optimization techniques (Engel, Yaakov
and Mannor, Shie and Meir, Ron 2005) to speed up this pro-
cess.
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